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1. Introduction

This course is a first introduction to two-phase flow modelling. Its prerequisites are a good
knowledge of tensorial calculus and a basic knowledge of the distribution theory, with of
course a good knowledge of classical fluid mechanics. The aim of this course is to present in a
detailed manner the balance equations governing two-phase flows, which are useful to the
numerical prediction of such flows. Such a course cannot be exhaustive due to the richness of
the subject, but we have tried to give to the students the main tools which are necessary to
master before entering in the numerical tools devoted to two-phase flow studies. These tools
can be classified in two main categories. The first one which has emerged in the past decades
is based on the RANS approach (RANS means Reynolds Averaged Navier-Stokes). This
category is particularly useful for engineering applications where only the large scales (or
tendencies) of the flow fields are desired. The second category is grouped into the acronym
DNS (for Direct Numerical Simulation). It is completely different from the first since all the
flow details (in space as well as in time) are solved numerically. The first category of tools is
based on averaged balance equations, in opposition to the second category which is based on
local instantaneous (unaveraged) ones. The major difficulty of the RANS approach is the
closure problem posed by the averaged equations. During the averaging process, a lot of
information has been lost (since the small flow details are not accessible in the solution).
However, the mean (average) effect of the lost details on the averaged quantities is not
negligible at all. As a consequence, the physicist must provide closure laws for a certain
number of unknown terms appearing in the averaged equations. Therefore, the main difficulty
of the RANS approach is essentially of mathematical and physical nature. The difficulties of
the DNS approach are completely different. Here, the closure issue is inexistent since the
local instantaneous balance equations are solved directly, without any kind of averaging. The
difficulty appears essentially in the large amount of flow details which are necessary to
calculate. Very powerful computers are necessary, with large quantities of memory. Even
with such powerful computers, the flows which are amenable to simulate are quite restricted
in terms of their Reynolds number, number of mobile interfaces (like bubbles or droplets
interfaces) and so on... In addition, special tracking algorithms are often necessary to
simulate accurately these mobile interfaces. So we can say that the major difficulties
encountered in the DNS approach are essentially numerical and of data processing nature.

The plan of this course is the following one. The local instantaneous balance equations are
presented in section 2. These equations are useful in a two-fold manner. First, they are the
basic equations solved by the DNS tools. Second, they also form the theoretical basis to
develop the averaged equations which are solved by the RANS tools. The local instantaneous
(unaveraged) equations are sometimes called the microscopic equations (or equations valid at
the microscopic level of description) and the averaged equations are sometimes called the
macroscopic ones. The averaged balance equations are derived in the sections 3 and 4.
Section 3 presents the so-called two-fluid model. The two-fluid model constitutes a very
general mathematical frame where the equations are written for the two phases in a
symmetrical way, without assuming any particular interfacial configuration (or flow regime).



Section 4 is devoted to dispersed two-phase flows, which groups bubbly, droplet and
particulate flows. One of the two phases is assumed to be dispersed in a large number of
inclusions (or particles or globules) into the other phase which is called the continuous (or
carrier) phase. Due to the obvious dissymmetry of such kinds of flows, the averaged equations
can be written is a dissymmetrical manner, reflecting the flow dissymmetry. The dispersed
phase is described in a manner analogous to the molecules in the context of the kinetic theory
of gases. Several advantages can be gained by using this kind of description: the equations for
the dispersed phase are easier to derive and to interpret since they resemble to the equations
governing a single particle. The price to pay is a lost of generality and the difficulty to make
the connection with the other (continuous) phase which is always treated in the context of the
two-fluid model. Due to the fact that the equations for the dispersed phase are treated in a
different manner than the equations for the continuous phase, this approach is called hybrid.
The section 5 is devoted to the simplified study of various special cases. At this time, only the
case of the terminal velocity of a rising bubble in a liquid has been presented. The last section
6 gives a comparison of the equations used in the NEPTUNE_CFD code to the exact
equations derived in the previous sections. This gives an example of numerical application to
the reader in the context of the RANS approach. The major assumptions made by the
NEPTUNE-CFD team are listed and the simplified equations are presented.

2. Local instantaneous balance equations

2.1. Topological equations

Let:
F(x,t)=0 2.1)
be the geometrical equation defining the different interfaces in the flow. Let F be positive in

phase 1 and F be negative in phase 2. The Phase Indicator Function (PIF) is a binary function
which can be defined as:

1 (% 1) =1=3, (%, t) = Y(F(x, 1)) (2.2)

where Y is the Heaviside distribution. The unit vector normal to the interface and directed
outward from phase k (k = 1,2) can be defined classically as (Aris, 1962):

n, =—n, = VF/|VF (2.3)

Let w be the velocity field associated to the interfacial surface. As F is identically zero for all
points located on the interface, its convective time derivative at the velocity w is nil:

F L wvE=0 (2.4)
ot

From (2.3)-(2.4), one can deduce the normal displacement speed of the interface (Delhaye,
1981):



oF/ ot

w.n, =-w.n, = —W

(2.5)

One important remark is that two different velocity fields w differing only through their
tangential component w; = w — (w.n)n give rise to the same interface motion according to Eq.
(2.4). Therefore, the normal velocity component is the only one to be related unambiguously
to the surface motion. From their definitions (2.2), one can deduce the following expressions
for their spatial and time derivatives:

M _ %L _ () F (2.6)
o at

where 6 is the Dirac distribution, which is the derivative of the Heaviside distribution Y. From
(2.4) and (2.6), one can deduce the following topological equation:

ai‘?“w-vxk =0 k=12 2.7)

From relations (2.3) and (2.6)1, on can also deduce:
NV = S(F)WH =9, < Vi =-n3, (2.8)

where 9, is a Dirac distribution having the different interfaces as a support. It is called a local
instantaneous interfacial area concentration by Kataoka (1986).

Let us finish this section by remarking some interesting properties of the PIF. As they are
binary functions, they verify that:

Lk =Xk (2.9)
XXz =0

As it will be seen later, the averaged fractions of presence of the two phases are defined as the
averages of the corresponding PIF (ax = <yx> whatever the kind of averaging operator
denoted by < >). However, the two averaged fractions of presence oy are not binary
functions; hence do not verify relations like (2.9). This is an important difference between
local-instantaneous and averaged quantities and has some consequences on the corresponding
balance equations. The advantage of the relations (2.9) verified by the PIF is that we can
write, for any two quantities Ax and By characterizing phase k:

(XKAK)(XKBK):XKAKBK (2.10)



2.2. Mass balances

Let px and vk being the density and velocity fields for phase k. A so-called “single fluid”
density and a “single fluid” velocity can be defined as:

P=D AP V=D %Yy (2.11)
k k

Due to the property (2.10), we can write:

PY =D %P Vi (2.12)
k

When there is no net mass generation in the two-phase medium as a whole, the “single fluid”
verifies the well known mass balance equation:

% +V.pv)=0 (2.13)

Hence, inserting (2.11) and (2.12) into (2.13):

%[Zkak]+v'(2kakykj:O (2.14)

Splitting derivatives, Eq. (2.14) can be rewritten:
8& ax_k =0 2.15
ZXk +v'(pk\_/k) +Zpk +V Vi [= (2.15)
” ot - ot

Inside one of the two phases (i.e. outside the interfacial surface), the derivatives of the PIF are
nil, according to their expressions (2.6), and one is left with the usual mass balance equation
for phase k (k =1 or 2):

P4 pv,)=0 (2.16)

Combining (2.16) with (2.15) gives the following equation valid on the interfaces:

0
zpk A-FW'VXK +(¥k _W)-VXk =0 (2.17)
P ot

0

Taking the topological equation (2.7) into account, the first two terms disappear, and one is
left with:

Zpk(yk _W)-VXk =0 (2.18)



which is the mass balance for the interfaces and gives the complement to the mass balance
inside phases (2.16). Using (2.8) and defining:

m,d, = Pk(\_/k _W)-VXk = Pk(ﬂ‘!k)ﬂk& (2.19)

which is the mass gain due to phase change (evaporation or condensation) per unit volume,
the quantity m, being the mass gain per unit surface. The interfacial mass balance equation
(2.18) is therefore:

> m, =0 (2.20)

showing that there is no mass accumulation at the interfaces, a consequence of the implicit
assumption that the interfaces are immaterial surfaces, carrying no mass.

2.3. Momentum balances (Newton’s law)

Proceeding in the same manner as for the mass balances, the mixture momentum balance
reads (Kataoka, 1986):

0
a[Zkakykj"' v'(Zkakykykj = _V[Zkakj+v'[ZXk£kj+ Zkakg+E58| (2.21)
K k k K K

where pg and T denote the pressure and the viscous stress tensor in phase k. The vectors g

and Fs denote the gravity acceleration and the surface tension force respectively. According to
Delhaye (1974), the surface tension force per unit interfacial surface has the following
expression:

E,=-onvin+V.o (2.22)

where it is not useful to precise the sense of the unit normal vector n since it appears twice in
the first term of the RHS (Right Hand Side) of (2.22). The divergence of the unit normal
vector V.n gives the total curvature, equal to twice the mean curvature (Aris, 1962), and the
last term V.o is the surface gradient of the surface tension coefficient: the so-called

Marangoni effect.

Defining a mixture pressure p and a mixture viscous stress tensor t as in (2.11):

P=D %P T=D AT, (2.23)
k

k

It is easy to see that the momentum equation in the “single fluid” formulation reads:

%(p\_/% V(pwv)=-Vp+V.1+pg-(onv.n-v.ok, (2.24)



Except for the last term, the equation (2.24) is the same than the momentum balance for a
single fluid, hence the name of the formulation. The last term, specific to two-phase flows,
represents the surface tension force acting on a unit volume of the two-phase medium
containing interfaces.

Proceeding as for the mass balances, the momentum balances for phase k and for the interface

can be separated from the mixture balance (2.21). The momentum balance for phase K is the
classical one:

opy Vi

ot +V'(pk\_/k\_/k): -Vp, +V.£k +P9 (2.25)

and the momentum balance for the interface reads:

=k —

ka!k -pne+z, N =F =-onVn+V.o (2.26)
k

2.4. Total energy balances (first principle)

According to Kataoka (1986), the total energy for the two-phase mixture is defined by:
v 2
Zxkpk{ek +?j+u58| (2.27)
k

where e is the specific internal energy for phase k and us is the interfacial energy per unit
surface. The mixture total energy obeys to the following balance equation (Kataoka, 1986):

2 2
2 Zkak ek"'vL U, [+V. Zkak ek"'vL Vv, +UB W | =
ot| % 2 - >
:_v.(Zxkgk]—v.[Zxkpk\_/kj+v.[zxk£k.ykj+zxkpkykg (2.28)
k K m -

+ ZXka +F,.wd, +Tu,5,
k

where a, denotes the heat flux due to conduction inside phase k, Qx denotes a possible heat

source in phase k and I's denotes a source term of d,. According to Kataoka (1986), the local
instantaneous 1AC (Interfacial Area Concentration) obeys to the following balance:

Sevfwl-rs, (2.29)

Morel (2007) gives the exact expression of the source term I's due to stretching of the
interfaces (i.e. in the absence of break-up and coalescence):



I,=V.w (2.30)
From (2.28), it is possible to separate the total energy balances for phase k and for the

interface in the same manner as in the preceding paragraphs. The total energy balance
equation in phase k reads:

0 v, v’
a|:pk[ek +%\]:|+v'|:pk(ek +%]¥k:| = —V-ﬂk _v-(pKYk)+v-(£k-Yk)+pk\_/k-g+Qk
(2.31)

Using (2.29) and (2.31), the remaining of (2.28) gives the total energy balance for the
interface:

afl;ts +W.VU, = ES'W“LZK:{EK +PV, —gk.yk]gk - r'nk[ek +V—;2J} (2.32)
Now, defining the following additional mixture quantities:

eEZk‘,xkek, gfzk‘,xkgk, QEZk:kuk (2.33)
The equation (2.28) can be rewritten in the “single fluid” formulation:

2 2
2 p e+v— +ud, |[+Vip e+V— V+UO W |=
ot 2 2 (2.34)

=-V.q-V.pv)+ V.(E.y)+ pV.g+Q+F W3, +T,u3,

2.5. Secondary balance equations

Taking the dot product of the momentum equation (2.25) by the velocity vk gives the kinetic
energy balance equation:

2
Vv
a(pk;J y
—+v( ,

1 Pk _ij = _v'(pkyk)"' P V.Y, +V-&k-yk)_£k VYV +p V9 (2.35)

Subtracting the Kkinetic energy balance (2.35) from the total energy balance (2.31) gives the
following internal energy balance equation:

0
a[pkek]"'v-[pkekYk]: -vVaq, +Qy =P VY, +1, 1V, (2.36)

Substracting ex multiplied by the mass balance equation (2.16) from (2.36), the non
conservative form of (2.36) is obtained:



D&
Dt

D.e oe
—kk 2 "k 4v, Ve,
Dt

P« =-Vq, +Q —p V.Y, +z1, Vv, with:

(2.37)

The notation Dy/Dt stands for the material (or convective) derivative following the phase k in
its motion. Using dex = C,x*0Tk where C,x and Ty denote respectively the specific heat at
constant volume and the phase temperature, Eq. (2.37) can be rewritten for the temperature as
the main variable:

DT
kav,k#:

g, =4 VT,

V.A VT, )+ p,Vv, +1 Vv, with:
( k ) Qk — ZKk T ——k (2,38)
where the Fourier’s law has been assumed to express the conductive heat flux g.

Defining the enthalpy by the sum of the internal energy and the energy associated to pressure
force:

h, =e, + P& (2.39)
P

The internal energy (2.36) or (2.37) can be rewritten in the form of an enthalpy balance
equation:

0 D
a[pkhk]"'v-[pkhk\_/k]:_v-gk +Qy + E)rt)k +1,: Vv, (2.40)

Defining the total enthalpy by the sum of the enthalpy and of the kinetic energy:
H . =h +— (2.41)

The equation for Hy can be derived simply by adding the equations (2.40) and (2.35) for the
two forms of energy contained in the total enthalpy:

L+ V)= Ve, +Q+ BV v, e pvig 2.42)

2.5. Two-fluid formulation

The equations (2.13), (2.24) and (2.34) constitute the “single fluid” or “one fluid” formulation
for the two-phase flow. Another useful formulation is the “two-fluid” formulation where the



equations for the two phases are treated (or solved) independently. These equations can be
obtained from the single phase balance equations for mass (2.16), momentum (2.25) and total
energy (2.31) by multiplying them by the PIF yx and reintroducing yx in the derivatives. The
mass balance of the two fluid formulation reads:

0 .
%pk_'_v'()(kpk\_/k):pk(w_yk)'nksl =m,9, (2.43)
The momentum balance of the two fluid formulation reads:

0 v .
xkgtk_k FV PV Vi) = M VD, = V0P ) =Py, + VT, 4T, 03, + 1, d (2:44)

The total energy balance of the two fluid formulation reads:

o v’ v, >
kak(ek +%]:|+V{kak[ek +%]\_/k:| =

B

. v’
= mk(ek +%}8| _V-(ngk)_v-(kak!k)"‘V-(szk-Yk)+kak\_/k-g"‘Xka (2.49)

—Q, N3, =Py VN3, +71,.v,.n 5,

It is easy to verify that, summing the equations (2.43), (2.44) and (2.45) on the two phases (k
= 1 and 2) and taking into account the interfacial balances (2.20), (2.26) and (2.32) with the
definitions (2.11), (2.23) and (2.33), the balance equations of the “single fluid” formulation
can be retrieved.

2.6. Example of application 1: The Rayleigh equation for a spherical
vapour bubble

We consider a single vapour bubble immersed in a liquid under the following hypotheses
(Delhaye, 1981):

(H1) no gravity

(H2) spherical symmetry

(H3) single component liquid

(H4) Newtonian liquid

(H5) Constant liquid viscosity p_

(H6) liquid obeying Fourier’s law

(H7) Constant liquid thermal conductivity A,
(H8) Single component vapour

(H9) Newtonian vapour

(H10) Constant vapour viscosity py

(H11) vapour obeying Fourier’s law

(H12) Constant vapour thermal conductivity Ay
(H13) Constant surface tension o

10



2.6.1. Mass balance equations

Due to the assumption of problem spherical symmetry (H2), the equations are written in
spherical coordinates. Under the assumptions (H3) and (H8), the mass balance equations for
the liquid and vapour phases (2.16) become:

a%+i£(r2prL): 0

r or
oy 10
ot r?or

(2.46)
(rzvav ) =0

Where r is the radial distance to the bubble centre, of radius R, and wy, are the radial
component of the vapour and liquid velocities. The interfacial mass balance equation (2.20)
reads:

Pvi (WVI —R)Zp,_,(W,_, _R) onr=R (2.47)

Where R is the time rate of change of the bubble radius R and is equal to the normal
displacement speed of the interface w.n on this simple problem. The second index I indicates
that the values are taken at the interface.

2.6.2. Momentum balance equations

Under the assumptions (H1), (H2), (H3), (H4), (H5), (H8), (H9) and (H10), the liquid and
vapour momentum balance equations (2.25) read, in spherical coordinates:

2
pL(aNL+WLaij:_apL+g {a wL+gaNL_2wL}

ot or o 3o T ar r?
, (2.48)
ow,, ow,, op, 4 o'w, 20w, w,,
+ W =— +— +— -2
pv[ ot Voor ] o 3™ T T ar r’

The interfacial momentum balance equation (2.26) reads, under the additional assumption
(H13):

2 ) ) 4 oW 4 oW
Pvi —Pu :_G_pw (WVI _R)‘Nw +p|_|(W|_| _R)‘Nu +§Hv{6—rv|| _&}_EML{ - || - WLI}

R R or R

(2.49)

2.6.3. Energy balance equations

The chosen form of the energy balance equations is the temperature equation (2.38) using
assumptions (H6) and (H11). Using also (H2), (H7) and (H12), the equation (2.38) written for
the two phases in spherical coordinates read:

11



T T T
pLCV,L[a—LjLWL 0 Lj:k_Lg[rz 0 L)—pL%Q(rZWLﬁZL Vv,

ot or r2 or or r2 or -
aT T, Ay, o( ,0T 10 (2:50)
C.oul —Y+w VI=ZY 222 Y | —p, —2(rPw, )+ 1 :VV
Py V’V( at v oor j r2 ar( or j V2 ar( oz, e

where we made the additional assumption:
(H14): no heat source Qx in the bulk of the phases.
The interfacial energy balance is not useful and will not be written here.

2.6.4. Rayleigh equation

In the studies of vapour bubble dynamics, a special form of the liquid momentum equation,
the Rayleigh equation, is often used. We make two additional assumptions:

(H15) The liquid is incompressible
(H16) the vapour density is negligible with respect to the liquid density.

The assumption (H15) allows to integrate directly the liquid mass balance equation (2.46);
which gives:

(2.51)

As a result, the liquid momentum equation (2.48); takes the following simple form, whatever
the liquid viscosity:

ow ow op,
+W =— 2.52
pL( ot - oor j or (2:52)

Taking the result (2.51) into account and integrating (2.52) from R to infinity gives the
following result:

2

W, R +2Rw,, —WZ“ = p“p_p“” (2.53)
L

where the second index | indicates quantities which are taken on the bubble interface (r =
R(t)) and the overdot denotes a time derivative. Assumption (H16) enables to simplify the

interfacial mass balance (2.47) as w,, = R, therefore Eq. (2.53) becomes:

RR +§R2 _Pu—Pu (2.54)

PL

which is called the Rayleigh equation.

12



2.7. Example of application 2: Hadamard solution for the translation
of a spherical inclusion in a very viscous fluid.

2.7.1. Simplifying assumptions, balance equations and boundary
conditions (problem setting)

The solution presented hereafter has been derived by Hadamard (1911) and summarized by
Cartellier (2008). It consists in the study of the translation of a very viscous droplet in a very
viscous fluid (creeping flow). The following assumptions are necessary:

(H1) the flow is stationary

(H2) the two phases are incompressible

(H3) creeping flow, i.e. Re << 1.

(H4) Newtonian fluids with constant viscosities

(H5) the spherical droplet is translating without any acceleration
(H6) no phase change (i.e. neither evaporation nor condensation)
(H7) the flow is assumed to be axisymetric

(H8) Constant surface tension

Under the four assumptions (H1)-(H4), the mass and momentum balance equations in each
phase (2.16) and (2.25) reduce to:
Vv, =0

(2.55)
VP = HkVZYk

Where pmx 1S @ modified pressure for phase k, including the gravity term. Introducing the
vorticity ok = rot(vk), the second equation (2.55) can be rewritten:

VPnk =WV AV AV, =—1, VA, (2.56)
%/_/

Oy

Taking successively the rotational and the divergence of (2.56), the pressure and the vorticity
are harmonic quantities:

VAVA®,=0=VVe, -V, = Ve =0
0 (2.57)
vzpm,k :O

In the following, the dispersed phase (the inclusion) will be denoted by k = 1 and the
continuous fluid surrounding this inclusion will be denoted by k = 2.

Under the condition of no phase change (H6) and if we admit no slip of one phase on the
other at the interface, the kinematical conditions on the spherical globule surface read:

13



(2.58)

Under the assumptions (H6) and (H8), the interfacial momentum balance equation (2.26)
degenerates into:

Z(_ Pic Ny +£k-ﬂk): —onv.n (2.59)

k
Projecting (2.59) into the normal (to the interface) and tangential directions gives:

pl _pz _Tl,nn +Tz,nn =2Ho

(2.60)
Il,nt = Ez,nt
where H is the mean curvature, equal to 1/R for a spherical surface of radius R.
The boundary conditions (BC) at infinity read:
v,=-Ue, r—
T2 T * (2.61)

P, =py r—>o

where U is the translation velocity of the globule centre. We choose to work in a reference
frame linked to the globule. Let z be the symmetry axis (H7) and 6 be the angle measured
from the z axis.

2.7.2. Determination of the velocity and pressure fields in and around the
globule

We are searching the solution under the following form:

1 oy, 1 oy,
VvV, = —_—, == 2.62
K r2sine 00 T rsing ar (2.62)

Where v, is called the Stokes stream function. The vorticity vector oy has only one non zero
component my along the base vector e, (H7) which reads :

o, =me, Wwith:

10 v, 1, .
==—(rv,, )-—L =— E with : 2.63
P r@r( o) roo rsin@ (vi) (2.63)
,. 0% sineo( 1 o) o° 1 0° cotgd o
E” = T Al anm | T a2 T a2 2 Aan
or r< 00\sino oo or r< o0 r oo

Hence, the first equation (2.57) becomes:

E*(y,)=0 (2.64)
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where the operator E* means the operator E? applied two times.

The BCs (2.61), (2.58) and (2.60) become:

21_ W, — —Ucos0
resine@ oo %,
1 8\V—Z—>Usine

rsine or =
P, =Py >

%:G\V_Z:O enr:R
00 00
Ny Ve gnr_R
or or
ol 1 oy ol 1 oy 20
_ _2 v 1 +2 _ Zr2 = — enI’:R
P =P, “M}r[rzsine 86} Mzar[rzsine 89} R

o(1 oy, o(1 oy,
= =u, —| — enr=R
Ml(’Sr(r2 8rj Ho c’ir[r2 or

The solution is searched in the following form:

v, (r,0)=F,(r)sin*0
We obtain:
E2(y, ) =sin? O(F; - 2F, /?)
\—gf;——d
E*(y, ) =sin® o(f —2f, /*)= 0
= r'FY —4r’F +8rF, -8F, =0
= F(r)=A,r*+Br+Cr’+D,/r

B D
=V, = Zcose(Akr2 +—+C, +—3"J
r r

i B D
et v, =-sin 6(4Akr2 +Tk+2Ck —r—gkj

(2.65)

(2.66)

(2.67)

For the external field, the velocity remains finite when r tends to infinity, it implies A, = 0.
Otherwise, the first two BCs (2.65) give C, = -U/2. For the internal field, the velocity must

remain finite at the origin (i.e. r = 0) so we have necessarily: B; = D; = 0. Whence :
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v, (r,0)=(A,r* +C,r?)sin? 0
y,(r,0)= [Bzr—%r2 +D, /rjsin2 0

Vv, = 2cose(A1r2 +C1)

Vi = —sinB(4A,r? +2C, ) (2.68)
V, = 2C089(&+D—32—£j
rr 2
. B, D
V,, =—sin 6[72——32— Uj
r

The fourth line in (2.65) gives the two conditions vy, = Vo, = 0 at the interface r =R :

AR*+C, =0

(2.69)
&+D_§_£:O
R R® 2

The fifth line in (2.65) gives the unique condition vig = vy at the interfacer =R :

4AR? +2C, =%—&—U (2.70)

R3

Finally, the last BC (2.65) (equality of tangential stresses at the interface) gives :

C B U D
M1(4A1 —2R—éjzuz[—2R—i+?+4R—§j (271)

Introducing the following notation of the viscosities ratio:

M (2.72)
2P

>

K

The solution of the system of algebraic equations (2.69)-(2.71) is:

u 1
4R 1tk
U1
YT 414k
UR 3k/2+1
B,=—
2 l+x
UR® «
4 14k

1=

(2.73)

D, =

The stream functions and the velocities in each phase are then deduced:
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u 1 u 1 .
rho)=| - —r*+——r%[sin?0
v(r0) ( AR?1+x 41tk j

3
Wz(r,e): £3Kl2+1r_gr2_UR LsiHZG
2 l+x 2 r 1+«

Vv, =2c0s6| — Uzirﬁgi
4R 1+« 41+x

(2.74)
. u 1 , U 1
Vg =—Sinfl ————r° + ———
R 1+x 21+x

UR3k/2+1 UR® « UJ

vV, =2c0s0 3
2r l+x 4r° 1+x 2

3
Vze:_sine(UR3K/2+l UR® « _UJ

2r 1+x 4ré 1+«

The momentum equation (2.55), then allows to calculate the modified pressure field in each
phase:

. Urcosd 5
Pm1 = O_MITH
URcosO 2+3k
Pm2 =P tH, 2 2(1+K)

(2.75)

r

The pressure value at the inclusion centre is deduced from the normal balance at the interface
(see (2.65)g) :

, 2
Po =Po +§ (2-76)

The surface tension o contributes to the pressure level inside the inclusion.

2.7.3. Force exerted on the globule

The force exerted on the inclusion by the surrounding fluid is given by the following
expression:

F= jgz.ﬂds With o N=—P,€ +7,,8 + T8 + E{,r_(plg(p (2.77)

0

By symmetry , this force has only one non zero component F; in the direction of the relative
velocity :

F, = I(— P, C0S0+1,, COSO+1,,SiNOHS with dS=R2sin6dode (2.78)

This force, often called the drag force, includes three contributions:
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e Pressure force (form drag):

2/3+x

F,, = j (-p, cosBNS = —2mp,RU (2.79)
e Viscous force normal to the interface (skin drag):
Fr = [ (¢, cosOHS = S RU (2.80)
z,Ir T 3 1+ K
e Viscous force tangent to the interface (skin drag):
. K
Foro = [ (5,0 SIN OJS = ~4my,RU T (2.81)

The sum of the three contributions (2.79)-(2.81) gives the total drag force exerted on the
globule:

Fz=—6nu2RUK+2/3 - CD:ﬁK+2/3 avec ReEZRU
1+x Re 1+x v,

(2.82)

Where Cp is the drag coefficient which is related to the drag force by the following definition:

F
Co=qp—t—— (2.83)
Epanzu2

If we make the ratio « defined by (2.72) tend to infinity (the viscosity of the fluid inclusion is
infinitely greater than the one of the surrounding fluid), we retrieve the expression of the
Stokes drag force on a solid particle (e.g. Oesterlé, 2006):

C, = 24 (solid particle) (2.84)
Re
The other limiting case is the one obtained by making k = 0 (the viscosity of the fluid
inclusion is nil) which corresponds approximately to the case of a clean bubble:

F,=—4m,RU < C, =;—6 with Re = 2RU (clean bubble) (2.85)
e

vV,

What is interesting is to see how the detailed results (2.79)-(2.81) degenerate in these two
limiting cases. The comparison of the different force contributions for the solid particle on
one hand, and for the clean bubble on the other hand, are given in the following table:

Inclusion i, F F F F

~ zZ, zZ,Ir z,10 4
K= P

Wo
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solid

—-2nu,RU

0

—4mu,RU

—6nu,RU

Clean bubble

—4nu,RU

4 8
—gn;,tzRU —gnquU

This comparison illustrates the influence of the kind of boundary conditions on the inclusion
surface. It should be noted that the pressure contribution is not identical in the two cases. The
tangential stresses give no contribution for a clean bubble but give the two-third of the total
drag force for a solid particle. The viscous stresses in the normal direction give a contribution
only for the clean bubble case, which also equals the two-third of the total drag.

3. Two-fluid averaged equations

In this section, the averaged equations of the two-fluid model are derived. These equations are
the average forms of the local instantaneous two-fluid equations that have been presented in
section 2.5. The expression “two-fluid” signifies that the two phases are treated separately, in
opposition to some simpler models that use balance equations for the mixture considered as a
whole. Nevertheless, the two phases are not independent, since they are related through
interfacial interaction terms which are the average forms of the terms involving &, in the local
instantaneous equations.

3.1. Averaging operator

Here we define the properties of the averaging operator that will be used to link the local
instantaneous equations to the averaged ones. The local instantaneous equations are
sometimes called “microscopic equations”, or equations at the *“microscopic level”, in
opposition to the averaged equations called “macroscopic” ones. The averaging operator
therefore defines a bridge between the microscopic description of the flow phenomena
(including all the spatial and temporal details) to a simplified macroscopic description,
characterized by a smaller number of freedom degrees, which is considerably cheaper to
calculate by numerical means, and which is often sufficient to the engineer. From a numerical
point of view, the microscopic level is the domain of DNS (Direct Numerical Simulation) and
the macroscopic one is the domain of RANS (Reynolds Averaged Navier-Stokes) simulations,
to retain classical expressions used in single-phase flow calculations. An intermediate
simulation domain is LES (Large Eddy Simulation) which is often used in single-phase flow
calculations, but seems difficult to use for two-phase flows in the present state of the art.

There exist a lot of averaging operators used by modellers and experimentators. These
averaging operators can be classified into three main categories: spatial, temporal and
statistical (ensemble) averaging operators. Some composite averaging operators, resulting
from the superimposition of several basic averaging operators, are sometimes used. All these
operators are of different nature, each one being adapted to a certain class of problems for
which they were invented. For example, the time averaging operator is more often used in the
context of statistically stationary flows, even if its applicability domain is not completely
restricted to this kind of flows. The more fundamental kind of averaging is the statistical
averaging, which can be replaced advantageously by a time or a spatial averaging operator in
some particular situations (stationary flows for time average, homogeneous flow for spatial
average), invoking the ergodicity assumption. It should be kept in mind that all the averaging
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operators do not have the same properties. Certain averaging operators, called Reynolds
operators (Sagaut, 1998) are often used because they give the simplest form of the averaged
equations. In what follows, we recall the basic properties of such a Reynolds operator:

(b v)= (o) + ) @
(ap)=a(¢p)  (a=cte) (3.2)
((@)w) = (0)w) (3.3)
<%> = % s=X,t (3.4)

{(9)) = (o) (3.5)
0)=0  ¢'20—(9) (3.6)

where ¢ and y denote two field quantities (i.e. quantities depending on time and space
coordinates). The averaging operator is denoted by brackets < >. The relations (3.1) and (3.2)
express the linearity of the averaging operator, a property which is common to all kinds of
averaging operator. The relation (3.4) expresses that time and spatial derivatives can be
permuted with the averaging operator without introducing any additional term. In two-phase
flows, where discontinuous fields are encountered at the interfaces, this property is valid only
by interpreting the fields in the sense of generalized functions (or distributions) which has
been done in section 2. The other three relations (3.3), (3.5) and (3.6) express that an already
averaged quantity is unaffected by a second application of the averaging operator. As a
consequence, if the fluctuating quantity is defined as the difference between the quantity itself
and its average (Eq. 3.6), the averaging of this fluctuating quantity gives zero. This very
important property is specific to a Reynolds averaging operator, and is not true for example,
in the case of a spatial averaging operator used in LES. The ensemble (or statistical)
averaging operator has this property, and we will assume in our subsequent developments,
that the chosen averaging operator is a Reynolds one.

3.2. Primary averaged balance equations

By ‘primary’, we mean the mass, momentum and total energy balance equations. Their local
instantaneous form has been summarized in section 2.5, in the form of the two-fluid
formulation. Hence, it is sufficient here to apply directly the averaging operator to obtain the
primary averaged balance equations.

3.2.1. Mass balance equation

The average of the mass balance equation (2.43) gives:
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a<kak>
ot

+V-<kak¥k>:<mk8|> (3.7)

Several macroscopic (averaged) quantities are then defined. The averaged fraction of presence
of phase k, sometimes called the “void fraction” or the “phase holdup”, is defined as the
average of the PIF, hence:

oy = <Xk> (3.8)
The (intrinsic) phase averaged density is then defined by:

—_ o) _Guws) (el (ue) (39)

v = eg. p
‘ <Xk> Ay ‘ <Xk> Oy

Favre averaging is classically defined for terms or quantities weighted by mass or volumetric
mass:

Ek _ <kak¢k> _ <kai¢i<> eg. ik _ <kak\—/k> _ <kak_\—/kk> (3.10)
<kak> O Py <kak> Oy P

At the end, we also define the average mass gain per unit volume per unit time due to phase
change by:

I, =(ms3,) (3.11)

As a consequence of the preceding definitions, Eq. (3.7) can equivalently be rewritten as:

. — k=—=k
—+V'(akpkkyk jzrk (3.12)

The equation (3.12) is the classical form for the mass balance equation of the two-fluid model
(e.g. Ishii, 1975).

Eqg. (3.12) should be supplemented by the averaged form of the interfacial mass balance
(2.20). Multiplying (2.20) by &, and taking the average, the following mass jump condition is
obtained:

dI,=0 (3.13)

3.2.2. Momentum balance equation

Averaging Eq. (2.44), we obtain:
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a<kak¥k>
ot

+<mk¥k6|>_<pknk8'>+<£k'nk8'>

+V-<kak¥k¥k>:_V<kak>+v-<7(k£k>+akakg (3.14)

where the second line regroups the momentum interfacial transfers. The first interfacial
transfer <mk\_/k8,> is the exchange of momentum associated to the mass transfer by phase

change. It is often called the “recoil force”. The two other interfacial terms are the mean
interfacial forces due to pressure and viscous stresses.

Eq. (3.14) is an exact equation and reflects directly the local instantaneous form developed in
section 2.5. If the mass balance equation (3.12) seems to be common to all two-fluid versions
developed by the different authors, the situation is not so simple for the momentum equation.
Many variants can be developed from Eq. (3.14) according to the choices made by the
different authors to define macroscopic variables. These macroscopic variables should be
“full of physical significance” and this physical significance depends on the problem being
studied. For example, stratified flows are completely different from dispersed flows (like
bubbles, droplets or particulate flows). A stratified flow is a flow where the gas and liquid
phases are superimposed continua, separated by a unique continuous interface. In a stratified
flow, the two phases play therefore a symmetric role and the equations should reflect this
symmetry. On the contrary, for bubbly or droplet flows, one phase (called the dispersed
phase) is constituted from small inclusions embedded in the other phase (called the
continuous phase). The two phases are therefore not symmetric, and this asymmetry is also
reflected by some two-fluid models especially devoted to dispersed flows (e.g. Zhang &
Prosperetti, 1994).

In this section, we make no particular assumption on the flow configuration, and we present
some definitions and manipulations which are proposed in quite general two-phase flow text
books (Ishii, 1975; Drew & Passmann, 1999; Oesterlé, 2006).

Defining phase averaged pressure and viscous stress tensor in a similar manner than Eqg. (3.9),
Eqg. (3.14) can be rewritten:

oo \ —k k —k —k —k
%"‘V-(O‘k Pr Vi Vi j = _V((xk Pk )+ V-(Otkgk )+ o P 9 (3.15)
+<mk¥k8|>_<pkﬂk6|>+<£k-ﬂk8|>
Defining the fluctuating velocity around its Favre average:
=Kk

Vi =V, -y, (3.16)
It can be shown by using Egs. (3.3), (3.5) and (3.6) that:

—k =k =k k

ViV =V v +VL VY, (3.17)
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The Reynolds stress tensor for phase k is defined in a manner analogous to single-phase flow
by:

T —k k

T, =P« ViV (3.18)

Now we must examine the interfacial transfer terms. The recoil force is often expressed by
introducing a new averaged velocity weighted by phase change:

<mk\_/k8I>EFk\_/l|: (3.19)

The interfacial pressure force is purely normal to the interface. This is not the case of the
viscous force which has normal and tangential components according to:

T = (ﬂk-zk-ﬂk)ﬂk T =TT (3.20)
%,_/

"

A first form of the averaged momentum equation can be given:

— ==k

— =—k=—k _ ( o
—a“kpakt L +v.(ockpkkyk Vi )Z—V(Ockpkk)+v.(ock&kk+£I))+ockpkkg+Mk(3.21)

where My is defined as the averaged interfacial momentum transfer:

M,

<mk¥k8|>_<pknk8|>+<£k'ﬂk6|> (3.22)

Now we will follow the book from Ishii & Hibiki (2006) to decompose the interfacial transfer
term of momentum My. They also define the mixture momentum source due to surface
tension:

M, =(F3,)={(-onvV.n+V.c),) (3.23)
The authors introduce the surface mean values:

(wd,) _{vs,)
<5| [

) a

for an arbitrary function y defined at the interface, where a, is defined as the averaged
interfacial area concentration. Defining interfacial-averaged pressure and viscous stresses, the
interfacial transfer of momentum is decomposed in the following manner:

(3.24)

—I
v
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M, =M} +M; +p, Vo, +M} -1, Vo, with:

r_ r
M, =T, v,

M; = <(_k' —pkLk6,> (3.25)
M= (5, )

The first three terms in the RHS of Eq. (3.25); are the normal components whereas the last
two terms are tangential components. The void fraction gradient appears due to the averaged
form of the relation (2.8),:

Va, =—(n,8,) (3.26)

The normal force M, represents the form drag and lift force arising from the pressure

imbalance at the interfaces. The tangential force M, represents the skin drag due to the

imbalance of shear forces. The two forces are combined to define the total generalized drag
force:

My = ME +M|t< (3.27)

Introducing the averaged mean curvature of the interfaces H_21I as well as the averaged

surface tension E', Ishii & Hibiki (2006) rewrite the mixture momentum source in the
following manner:

M, = 2F,, o'V, + <(2(H210—H_21|E| b, + vsc)5,> (3.28)

The second term takes into account the effect of changes of the mean curvature. Neglecting
the Marangoni effect (last term in the RHS of Eqg. (3.28)), the mixture momentum source is
approximated by:

M, =2H, o Va,+M" with:

My E<2(H21G—H_21'5')315|> (3.29)

The vector M is the effect of the changes of the mean curvature on the mixture momentum
source.

The averaged form of the local instantaneous interfacial balance of momentum (2.26) is:

M, =M, (3.30)

Introducing the decomposition (3.25) with (3.27) into (3.21), the following form of the
momentum balance is obtained:
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—k=—k
oo, py V —k=k= —k —« —
%—FV'(akpk Ve Vi jz_v(akpk )+V-(ak(£k +£1k—))+akpk 9"'(3.31)

—1 —1
+T, vV, + M, +p, Vo, I, Vo

Subtracting from (3.31) the mass balance equation (3.12) previously multiplied by the mean
=k

velocity v, and rearranging, the following non conservative form of the momentum balance
equation is obtained:

—k
—k D, v —k —k —k
o, Py kD—tk =—o,Vp, +V.(ock(£k +£I))+ockpk g+ 32
=k (. _ _ )
+Fk(yﬁ—yk j+Mik+(pk'—pkk)Vock—gk'.Vak

where the material derivative following phase k in its mean motion:

—=—+4V, V (3.33)

3.2.3. Total energy balance equation

Averaging Eq. (2.45) gives:

0 v, > v, 2
E<kak[ek +%]>+v'<x,kpk(ek +%]¥k> =
—k

2
=<mk(ek+%J8I>_v'<ngk>_V'<kak\_/k>+v'<x4k£k'yk>+akpk Vi -9+0thkk

_<9k'ﬂk8|>_<pk¥k-ﬂk8|>+<£k-¥k-ﬂk5|>

(3.34)
Now let us define the following macroscopic quantities (Ishii & Hibiki, 2006):
e The averaged turbulent kinetic energy:
=k 2 =k
2 12
Y Vv %

K =-k _Yx _ Y 3.35
=7 2 > (3.35)
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e The apparent internal energy which is the sum of the mean internal energy and the
turbulent kinetic energy:

=k

U, =ze, +K (3.36)
k k k

e The turbulent heat flux which takes into account the turbulent energy convection as
well as the turbulent work:

k

!

k

2
\' , - —k
91 = pk[ek + ; ] Vi =T,V PV (3.37)

e The interfacial supply of total energy to the k™ phase, which groups all the interfacial
transfer terms in Eq. (3.34):

E,= <mk(ek +V_£2\]8|>_<pkyk'nk8I>+<£k'yk'nk8I>_<9k'nk6I> (3.38)

Using these definitions, Eq. (3.34) becomes:

—k?2 —x?2

Vi

—k
—la U, +
ot kP K

[ (—k T) —k =k —k =k —k=k —k
=-Vio d, +9, ]-V{ouwPe Vi |+VioT, Vo |Fop Ve g+a, Q. (3.39)
+E,

Multiplying Eq. (2.32) by &, and averaging, the following jump condition for the total energy
is obtained:

> E =E, with E, E<(ES-W— a;ts —w.Vusj6,> (3.40)
k

where E; is the surface energy source for the mixture. This means that energy can be stored at
or released from interfaces.

Now, following the standard method of section 2.5, we will derive secondary forms of the

energy balance equation. Dotting the momentum equation (3.21) by the mean velocity, the
following mechanical energy equation is obtained:
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Subtracting Eq. (3.41) from Eg. (3.39), the mean apparent internal energy equation is
obtained:

0 —k —k =k
a[akpk Uk]+v'|:(xkpk Uy vy }:
—k

- - = A =Kk -
:—V{ak(gkk +0, T,V H—akpkkv.yk +ock(£kk +£I):Zyk +a,Q, " (342)

=k2
=k vV

+E, —M,v, +I =
k Xk Xk k 2

The interfacial transfer in the thermal energy equation (3.42) has a special form which
combines the mass, momentum and total energy transfer terms:

=k2
—k Vk

Ay=E -Myv, +T 5

(3.43)

Now, introducing the apparent enthalpy as the sum of the mean enthalpy and the turbulent
Kinetic energy:

=k
Ho=h, +K,=U, +2 (3.44)

The thermal energy equation (3.42) can be rewritten for the apparent enthalpy:

! —k}
0| —« —k, ==k D o, p
%k P Hk]+v'|:akpk H, vy :l: v

ot Dt (3.45)

—k

J— A =k -
:—V{ak(gkk +q, +1, .V, j}ro‘k(lkk +£:):Zyk +a,Q, +A,

Now we will examine in details the content of the interfacial thermal energy transfer A.

Starting from the definitions (3.11), (3.22) and (3.38), we obtain the expression of Ak as a
function of the microscopic fields:
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— k2

. v =k v =k
Ap={ My etV ¥ +=— 13, +<(gk-nk—pknk)(yk—yk j8.>—<9k-nk8.>

(3.46)

Then, introducing the following macroscopic quantities:

’ 2
ru’ = mk(ek + Y Js,
2 (3.47)

Qud, = —<9k.ﬂk5,>

where U, is the interfacial average of the apparent internal energy weighted by phase change
and qy, is the heat input per unit interfacial area, a) being the interfacial area per unit volume.
Introducing the definitions (3.47) into (3.46), this becomes:

=k
A, =T U, +0},a, +<(£k'ﬂk —pknk)(\_/k —V, ]6,> (3.48)

The mechanical term in Eq. (3.48) is a little bit more difficult to express in terms of
macroscopic quantities. The pressure and viscous stress tensor must be decomposed into
interfacial average values (Eq. 3.24) and fluctuating parts. At the end, the following result is
obtained (Ishii & Hibiki, 2006):

=k —i| T D.a —1 =k
<(£k-ﬂk _pkﬂk)(\_/k — Vi j8|> =Py (jh_#}*'(Mik I 'Vak)(\_/E — Vi j"’Wle
(3.49)

where W, is the turbulent work of the interfacial forces. Substituting Eq. (3.49) into Eq.
(3.48), the macroscopic interfacial thermal energy transfer becomes:

—r D _ —k
A =T U, +aya, "‘pkl(rk.;s—athJf(Mik X I-V(xk)(\_/i — Vi )JFWle (3.50)
Pk

In analogy with (3.44), the apparent mean enthalpy at interfaces weighted by phase change
can be defined:

HE = Ur 4 P (3.51)

Py
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Then we have:

—1 D — =k
A =T H, +0ia, _pkI B(:k +(Mik X l-vak)(yi — Vi j‘*‘WkT. (3.52)

It is straightforward to obtain Ex from the relations for Ay, My and Ty, therefore we have from
(3.25), (3.27) and (3.52) the following result:

—k2

—k — _
E, =T Hi +Vi v, - k2 ++0a, _pkI o0 +(Mik — L I'vak)YE +W,  (353)

Substituting these results into the total energy equation (3.39) and into the apparent thermal
energy equation (3.45), these equations become:

e Total energy equation:

—k?2 —x?2

0 —k v \Y; —k
—|a U, +—= K v, |=
at kPk K o Pk

+V. ockak U, +

—k=—k —k ==k =Kk
= V[ ( +q ) V( o Py Vi j+v-(ak£k Vi j+akpk Vi g+0cka (3.54)

=k
=k vy —1 0a,
r k " Kk
+T Hk"‘\_/k-\_/k - +qua, — Py

s 5, o i - w
T WMk =T, VO PV + Wy,

e Apparent thermal energy equation:

—k
ol — =k D, la
Oy Py Hk]+v'|: kpk H k Vi }—M

at Dt
T k=K
=-V./u +q ' .V.(ockgk )+0Lk£k 1V, +ocka + (3.55)
D _ —
+FkHE+q{;,a,—pk' E;:k +(Mik _Ekl-vak)(YE_Yk j+W|<T|

Defining the turbulent energy source by @, and the viscous dissipation term due to the mean
velocity gradient by @, thus:

D = —ik.v.(akgl)Jr W)

O =0, 1, VYV,

(3.56)

The equation (3.55) can be rewritten equivalently into the following non conservative form:
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—k

kakDH —V[ ( )] kpt +CI)T+<I)D+ockak
—«x —1\D,a =k
+rk(H )+qklal+( kK )Ttk (7 Va’k)( — Vi j

3.3. Averaged topological equations

(3.57)

3.3.1. Void fraction topological equation

We first average the topological equation (2.7) for the PIF. As the fraction of presence of
phase k is defined as the average of the PIF (Eq. 3.8), the average of (2.7) gives an evolution
equation for ox. After some simple manipulations, and using Eq. (2.19), the following
equation is obtained:

oo, —k m,
g’[ '(ak\_/k )_<ka-\_/k>:<p_6|> (3.58)

k

It can be seen that this equation resembles, but is not identical to, the mass balance equation
(3.12). We can make use of the local instantaneous mass balance (2.16) rewritten under the
following form:

1d.p,

Vv, =—— 3.59
Vo= (3.59)
where we used the following definition of the microscopic material derivative:

d, 0

—~=—+V, V 3.60

dt ot (3.60)

based on the local instantaneous velocity vk, which is different from the macroscopic material
—Kk
derivative (3.33) based on the averaged velocity v, . The equation (3.58) becomes:

oo, ,(akﬂk)+<x—km>=<ﬂ5u> (3.61)
ot p dt Pk

This equation can be compared to the mass balance equation (3.12) which can be rewritten:

—k Dt K

—k
=Kk
day .(ock\_/k )+ % Dipy Ty (3.62)
ot
Pk Pk

It can be seen that the two equations (3.61) and (3.62) are equivalent if, and only if, the
density of phase k remains constant, i.e. phase k is incompressible. If the density of phase k

—k P
varies on the microscopic scale, then v, #Vv, “ and (3.61) and (3.62) are not equivalent. The
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first one is an equation for the void fraction which is distinct from the mass balance equation,
the differences coming from local compressibility variations.

3.3.2. interfacial area topological equation

A second topological equation is given by the local instantaneous interfacial area
concentration (IAC) balance equation (2.29). Its average gives the following IAC balance
equation:

%w.[a,@']: al, (3.63)

where a, is the average IAC defined by the following relation:

a, E<8|> (3.64)

The quantities E and T are the interfacial averaged interface velocity and source term per

S
unit surface. This last quantity is due to numerous physical phenomena like coalescence and
ruptures, phase change, interfacial instabilities and so on... Nevertheless, it is not easy to
introduce discontinuous phenomena, like coalescence and break-up, in the general context
presented here. They will be introduced later, in a section specific to dispersed two-phase
flows, like bubbly or droplet flows.

3.4. Turbulence equations

Despite the fact that it is quite difficult to define “true turbulence” in two-phase flows,
because the fluctuations observed in the bulk phases are also strongly coupled to the erratic
movements of interfaces, authors often follow the same “line of reasoning” to derive balance
equations for turbulence in two-phase flows than in single-phase flows. We are concerned
here with RANS approaches (RANS means Reynolds Averaged Navier-Stokes) which have
nothing to see with LES (Large Eddy Simulation) dedicated to more fundamental studies. The
different RANS approaches can be classified according to the number of balance equations
used to calculate the averaged effect of turbulence. Typical approaches use zero, one, two or
even more balance equations to describe turbulence, the model having the greater number of
equations being probably the Reynolds Stress Model (RSM) which uses seven turbulence
equations (e.g. Schiestel, 1993). Here we follow the classical (single-phase) approach to
derive balance equations for turbulence (Schiestel, 1993), and simply extend these equations
to two-phase flows by considering the functions in the sense of generalized functions, and
using the tools developed in section 2.

The more important mean quantity associated to turbulence is probably the Reynolds stress
tensor which has been defined in (3.18). Adopting the notations of Schiestel (1993), we prefer
to redefine the Reynolds stress tensor as the double velocity correlation:

k

5,( =V, Vv, (3.69)
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The original stress tensor (3.18) can be retrieved by simply makezl = —akgk. The Reynolds

stress tensor balance equations are obtained by the following method. First of all, we derive
the equation for the fluctuating velocity v’k which is defined by Eq. (3.16). This can be done
by subtracting the equation for the mean velocity (3.21) from the equation for the local
instantaneous velocity (2.25). In order to do this, we make the simplifying assumption of an
incompressible phase k, hence here:

P =k P
Simplifying assumption : p, =cte =p, RN V, =V, ‘ (3.66)

Hence it is not useful, in this paragraph, to make the distinction between the Favre average
and the phase average. Under the assumption of a constant density, Eq. (2.25) can be
rewritten:

T
a!tk +V.(ykyk):—vp—"+v.i+9 (3.67)

Pk Pk

Under the same assumption, Eg. (3.21) can be rewritten:

=k —k —k —k
OV +v.(v=kv=kj=—\—’k Do gl P |_ P g
© e a, Dt Py Oy Py “

(3.68)

—k —k

T T
+V|=*-|-VR +-=k

\%
R, Va, -R e hg+ M,

LA )
Oy Pk Oy Oy Pk

Subtracting (3.68) from (3.67), the following equation is obtained:

—k _—
oV’ =k =k oY v, D
VIV, VYV VLV = P +V. = Sy P Vo,
ot Pk P oy DU ayp

(3.69)

—k

T
+VR -=—Va, +R,.
T 0Py Oy Oy Py

Vo, M,

where we have defined the fluctuating pressure and viscous stress tensor as in the following
relations:

—k
Pk =Py —Py
, L (3.70)
LFL L
The second step to obtain the equation for the typical component Ry is to make:
k
Vi xEqlvi )+ vi; xEq(vi;) (3.71)
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This gives:

k k
’ ’ / !
8vk'ivk’j =k avk’ivk’j

o =y, .V — v, .V —
ot e TR px, TR ey, TR,

=k 0V,, =——=k0 ov, oV, . oV, .
_VL jVLI akYI _VL iV;(I ak'J - ZVL iV;(j P - _VL jVLI P - _VL iVL I —6‘ u (3-72)
v X o X EENe) ¢ T oX T oX

k k k - k
_V'k,ji(p_kj _ka’ii(lo_kj i[_J ﬁ(_J
ox; \ Py ox; \ Pk oX, \ Py X, \ P

=k
Now we must take care that the phase averaging operator ~ cannot be simply permuted with
the space and time derivatives, contrary to the ensemble averaging operator < > (Eq. 3.4).
Therefore we must come back to the ensemble averaging operator to permute it with the two
derivatives:

k

k
oy, _oy oy, 1 oy \_ 10 1 i
ot a, ot o\ at —QK&WNO a \T* ot
5

(3.73)
19 (a w_k) L (g, w.n,38,)
= — ———(y, w.n,
] ot k Yk o, k |
YR R 1 oy, Vv 1 ¢ 0
ViV _ oy OV Yy WiV,
_Lﬂ_}L_iiL:_«k kkv=—_—ﬁwwm%—{wﬂml§
OX, o, OX, o OX, o, OX, K OX, (3.74)

1 0 k) 1
:a_ka_xlak\l’kvm +a_k<\|fk¥k-ﬂk8|>

We recall that in the context of the assumption (3.66), we make no distinction between the
=k _
Favre average and the phase average “.In this context, we can work on the different

terms of Eq. (3.72). First we note that:

=k Kk =K

ov ov, ov
¢+2v’kyiv’k'j87"‘I =2V} Vi, akaI 0 (3.75)

=Kk
1 !
2Vk,ivk,j

because of the incompressibility of phase k.
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1 0 1 0 ( —k) 1
=——|o,R, i J+——\o, Vv, .V .V ——(Vv, .V, \W-V, )n 3
o, at( k k,lj) o, axl k VkiVk,j kI 0(’k< ki k,](_ _k)_k I>
1 0 1 0 =k —— 1 m
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where the definition (3.65) has been used. Eq. (3.72) can be rewritten:

10 1 0 =Kk 1 , o, M 1 0 — 7 sk
a__(akRk,ij)+a__((kak,iij,| j:a_k<vk,ivk,jp_:8I>_a_ka_Xl(aka,in,ij,l )

(3.77)

Defining the interfacial Reynolds stress tensor weighted by phase change by the following
relation:

TREy = (Vi m,d, ) (3.78)

Eq. (3.77) can be rewritten:
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X\ Px X\ Pk

The LHS of Eq. (3.79) is simply the transport term of the correlation Ry by the mean
velocity field. The different terms in the RHS have been numbered: the physical significance
of each of them is given hereafter. (I) is due to phase change (Reynolds stress interfacial
transfer associated to mass transfer). (I1) is the divergence of the triple correlation which
needs to be modelled. (I11) are the production terms by the mean velocity gradients, they need
no further modelling. (1V) are additional terms due to the “compressibility” of the fluctuating
velocity field, these terms do not exist in incompressible single-phase flows, they are specific
to two-phase flows. (V) contain the divergence of the pressure-velocity correlations as well as
the pressure-deformation correlations. At the end, (V1) contain the molecular diffusion as well
as the viscous dissipation terms.

Another often used balance equations in turbulence models is the turbulent kinetic energy

equation. Recalling the definition (3.35) of the turbulent kinetic energy, it can be seen that the
trace of the Reynolds stress tensor is twice this turbulent kinetic energy:

R =trR, )=2K, (3.80)

Therefore, the balance equation for turbulent kinetic energy can be obtained by taking half of
the trace of the equation (3.79):

35



d 0 —K\ T,
(oK )+—(oc K,V j:—kKr (1)
8t k' Nk 8X, k" Mk Ykl ) k

—k
6 V;(ivi(i '
— o —V 1
8x|[ Y J n

a k'
-o, R, — 1l
AT ox, (1)
K (3.81)
_O('kv_kl V;(,i < (V)
|
K
.0 [P
-, Vv, —| = V
k Yk, axi(pk] ( )
——"
+o, Vi, o (_Tk'”j (V1)
X, \ Py

with the same interpretation of the different terms in the RHS of Eq. (3.81). The six equations
(3.79) are the basis of the two-phase RSM (Reynolds Stress Model) and the equation (3.81) is
the basis of the two-phase K-¢ model. The same ¢ equation must be derived to complete each
of these models. Due to its complexity, this balance equation will not be developed here (See
e.g. Morel, 1995).

4. Hybrid approach for dispersed two-phase flows

When the flow is dispersed (e.g. a bubbly or a droplet flow), one of the two phases (the
discrete or dispersed phase) is embedded into the other phase (the continuous phase) under the
form of discrete inclusions. These inclusions can be fluid inclusions (like bubbles in a liquid
or droplets in a gas) or solid ones (like in dusty flows for example). If the volumetric fraction
of the dispersed phase ayq is very small (o4 << 1), the flow is said to be dilute, otherwise it is
said to be dense. Due to the dissymmetry of the two phases for this kind of flows, it is
advantageous to describe the discrete phase by tools different from those for the continuous
phase. Up to now (sections 2-3), the two phases were treated symmetrically, without any
assumption on their common interface configuration. Here, we take part of the existence of
these numerous inclusions to derive the equations for the dispersed phase from population
balances. As these population balances have no sense for the continuous phase, we are
obliged to treat the continuous phase as in the preceding section. The two phases are therefore
described in different manners, hence the name “hybrid” of the approach.

In comparison to the symmetric two-fluid model developed in section 3, the advantages to
proceed like that are numerous:

e The equations for the dispersed phase are more readable, because they resemble to the
equations developed for a single particle.
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e The existing knowledge on a single particle behaviour inside a fluid can be utilized to
help to the closure of the averaged equations (e.g. the force exerted on a particle by the
surrounding fluid, see paragraph 2.7.3, its deformation rate...).

e The number of freedom degrees to describe the dispersed phase can be considerably
reduced in simple cases. For example, for spherical rigid particles, it is sufficient to
introduce the three components of the particle translation velocity, together with the
three components of its rotation velocity to describe its motion completely. This
reduction of the number of freedom degrees allows to reduce the description
complexity when it is possible and to avoid spurious effects typically encountered
with the use of the two-fluid model.

e Some important phenomena, like inter-particle collisions or fluid particles coalescence
and break-up, are much easier to introduce.

The basic tool is the introduction of a distribution function f(§;x,t) to describe the fluid (or
solid) particles population. The vector & groups the so-called phase internal coordinates,
separated from the external coordinates x and t by a semicolon (;). This vector contains all the
variables chosen to describe the population, like the particles positions, their translational
velocities, their size and shape, temperatures... We must distinguish between a N-particle
description and a 1 particle description, the second one being a particular case from the first.
Of course, the complexity of the description must be adapted to the complexity of the problem
under study. This is one of the great advantages of the method to allow to start from a simple
description and to progressively increase the complexity of this description by adding other
effects, conserving the previously acquired knowledge. We start by the description of a
population of spherical particles of identical sizes, a simple case studied independently by
Laviéville (1997) and Kaufmann (2004).

4.1. Description of a population mono-disperse in size but multi-
disperse in velocity

4.1.1. Definition of variables and derivation of the main balance
equations

This description is analogous to the kinetic theory of gas molecules. We assume a dispersion
of spherical particles having a common constant size, given by their radius a or their diameter
d = 2a. To each particle is associated a position and velocity realization in phase coordinates.
The averaging operator < > must be understood as an ensemble average conditioned on one
continuous phase realization. We assume that the particle diameter is so small that flow
around each particle can be considered as a creeping flow, so that the Stokes drag given by
Eq. (2.84) for a solid particle or the drag (2.85) for a clean bubble can be used. This last
simplification is only for pedagogical purpose, and will be relaxed later.

The particle distribution function f(c;x,t) is defined such that f(c;x,t)d*cdx is the probable
number of particle centres at time t located in a volume element d®x around point x and
having a translation velocity between ¢ and c+dc. The rotation velocity is not considered for
simplicity in this first description. Let us consider a field quantity yq(c;x,t) characterizing the
dispersed phase. It can be a scalar, a vector or a tensor. The associated averaged field is
defined by the following relation:
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n(x, tygy) de ¢ x, tf(c;x, t)d’c (4.1)

where <\|/d>n is the n-weighted average of the quantity yq4(c;x,t), n(x,t) being the particle
number density which is defined by:

n(x,t)=[ f(cx th’c (4.2)

An example of quantity yq(C;x,t) is the particle velocity itself, which average gives the mean
particle velocity:

n(x, t)U,(x,t)=n(x,t)c) J.cf (4.3)

The product of the particle number density and the mean velocity is then given by the first
order moment of the velocity distribution function. Other useful moments are the p-order
centred moments:

n(x,tXCE...CUn = _”(Ci - Uy, "(Ck Uk )}(Q;X’t)dsc (4.4)

The second order centred velocity moment is called the kinetic stress tensor and is quite
analogous for the dispersed phase to the Reynolds stress tensor for the continuous phase (see
section 3).

It is possible to derive the equation for f in a very general manner (e.g. Achard, 1978). When
the particle velocity is the single internal phase coordinate, this equation reads:

%+v.(@)+mg

aC- - 8t coll

J

(4.5)

Where F is the sum of the forces exerted on the particle, including its weight. The ratio F/m is

therefore the particle acceleration, m being the particle mass, and <£|g> is the conditional
m

average of the particle acceleration, having a particle with velocity c. The RHS of Eq. (4.5)
comes from inter-particle collisions. Eq. (4.5) is called a Liouville-Boltzmann equation.
Multiplying (4.5) by the quantity wq(c;x,t) and integrating over the velocity space, the
following Enskog general equation is deduced:

0 d Fj d d ith -
n{y >n +V-(n<\vd9>n):”<;?é >n+C(\|ld)+n<6th C. >n with : o

j

of
C(\Vd) = IWd E|colldgC
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where C(y,) results from collisions. In what follows, we derive the equations for the zero-th,

first and second order moments of the velocity distribution function. These three moments
correspond to the particle number density balance equation, the particle momentum balance
equation and the kinetic stress tensor balance equation.

e Particle number density balance equation: yq =1

Making yq = 1 in Eq. (4.6), the following particle number density balance equation is
obtained:

on
—+VY)=cw (4.7)

Excluding particle break-up and coalescence, as well as nucleation and collapse, the RHS of

(4.7) is zero. If there is no phase change, the particle mass m is a constant. Multiplying (4.7)
by m and remarking that nm = aqpg, the particle mass balance equation is retrieved:

0aL4P 4
ot

+VagpaUy)=0 (4.8)
which is the same than (3.12) when k = d and assuming no phase change (I'k = 0).
e Particle momentum balance equation: yq = C

Making yq = ¢ in Eq. (4.6), the following particle momentum balance equation is obtained:

onU, _JE
- +V.(n<gg>n)_n<m>n+C(9) (4.9)

Multiplying by the constant particle mass m and taking into account that nm = agpg, EQ. (4.9)
can be rewritten:

oaypy U,

F
ot +V'(adpdgdgd)= _v'(adpd<c_’c_’>n)+adpd<ﬁ> +C(mc) (4.10)

n

where we have introduced the kinetic stress tensor <c_’g’>n which is a particular form of Eq.
(4.49).

o Kinetic stress tensor balance equation: yg = (Ci-Ug,i(X,t)) (Cj-Uqj(X,t))

Making wq = (Ci-Ug,i(X,t)) (cj-Uq;(x,t)) in Eq. (4.6), the following Kinetic stress tensor balance
equation is obtained:
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oy OUg; oU,
n(cic L —n(c'c; .
(cici)y X, < ) ">" X,
or, multiplying by the constant particle mass m:
Q0spa(cics), . Olaapaloici),Uas) _olosp(cicict), )
ot X - OX
ouU k ou k F (4.12)
1At d,j r At d,i I:i ' o At
—ogpg(Cich), aTk‘—ocdpd<cjck>n E+adpd<50j +chi>n +C(mcic})

4.1.2. Closure of the interfacial force for creeping flows

When the flow at the particle scale (microscopic scale) can be considered as a creeping flow,
and the assumptions of the section 2.7 are globally satisfied, we can use the results of the
section 2.7.3 to express the force F exerted by the continuous phase on the particle. Assuming
a solid particle which is heavier than the surrounding fluid, the main forces exerted on the
particle are its weight and the Stokes drag given by Egs. (2.83)-(2.84). Manipulating these
expressions, the following expression is found for the particle acceleration:

2
C ith ¢ =Pud (4.13)

where t, is the so-called particle relaxation time. The vector u is the continuous phase

velocity at the particle location (the so-called fluid velocity seen by the particle). It should be
kept in mind that the result (4.13) is valid only when the particle is a solid one and the flow
surrounding the particle can be described by the creeping flow theory, hence the particle
Reynolds number defined by (2.82) must be much smaller than 1. Introducing the result (4.13)
into the momentum equation (4.10) gives:

oaypy U,

u —U
ot + v'((x‘dpd U, Y, ) = _v-(adpd<§g>n )"‘ AgPgg+ayPy <_>nt—_d+ C(mc) (4.14)

p

where we have assumed a constant particle relaxation time. The averaged velocity <g>n is the

n-weighted average of the fluid velocity seen by the particles. Its modelling is quite delicate,
and this quantity is often decomposed by introducing the following dispersion (or drift)
velocity (e.g. Laviéville, 1997):

(u), =U, +V, (4.15)

where Vq is the macroscopic dispersion velocity and U is the continuous mean velocity (in
the usual sense of the two-fluid model). Hence, Eq. (4.14) can be rewritten:
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oaypy Uy

U -u. -V
ot +v'(a’dpdgdgd):_v'(u‘dpd<c_lc_’>n)+adpdg_adpd%'FC(mg)

p

(4.16)

According to Jackson (1997), the collision term appearing in the momentum balance for the
particles can be rewritten by using the following Taylor development:

C(mc) = V.(nm<§>n)—%vv :(nm<§>n)+... (4.17)

where <§> and <§> are averaged collisional stress tensors of order 2 and 3 respectively. The
n

2/n 2
equation (4.17) is a Taylor development. For it to be valid, the successive terms in this
development should become smaller and smaller. Therefore, assuming that the second term in
Eq. (4.17) is negligibly small in comparison to the first, and substituting the remaining term in

Eqg. (4.16) gives:

8adgsgd.+V-(addede)= —V.(ocdpd (<§>n +<£>n ))+ adpdg—adpd M(gllS)

p

We can compare Eqg. (4.18) to the classical two-fluid model momentum equation (3.21)
written for the dispersed phase (k = d). Assuming that the mean particle velocity Uy can be

=—d =d

assimilated to the phase averaged velocity v, (which is just approximately true because v,

takes into account all the particle internal motions as well as the particle rotation, which are
not taken into account in Ug. This illustrates the simplifications brought by the kinetic theory
approach developed here in comparison to the two-fluid approach), we can compare the RHS
of Egs. (3.21) and (4.18). The average pressure and viscous stresses for the continuous phase
are replaced by the collisional stresses for the dispersed phase. In the same manner, the
Reynolds stress tensor for the continuous phase is replaced by the kinetic stress tensor for the
dispersed phase. At the end, we see that an approximated form of the momentum interfacial
transfer (valid under the assumptions retained in this paragraph) is given by:

U,-u.-Vv
M, = _adde (4.19)

Tp

The continuous phase interfacial momentum transfer term M. is then deduced from the
interfacial momentum balance (3.30) and an appropriate expression for the mixture
momentum source M.

The Kinetic stress tensor obeys to the balance equation (4.12). Using Eg. (4.13), the term
involving the interfacial force in (4.12) can be rewritten as:
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(4.20)

The relation (4.20) involves the Kkinetic stress tensor <c{c’j>n as well as the symmetric part of

the fluid-particle velocity correlation tensor <u{c’j>n . Substituting (4.20) into (4.12) gives:

dogpg(Cic)) . 8(ocdpd<c;c’j>n Ud’k)_ ) a(ocdpd<c{c}c[(>n) 0
ot X, - X,
oU, .

ou,,
—aypo(cicl), — = - aapa{eich), - (D
k k

u'c’ +u'c!
+a7abe K - "> —<c;c}>n} (1)

(4.21)

p

+C(mc;c)) (V)

The LHS of Eq. (4.21) is simply the transport of the kinetic stress tensor component <c;c}>n

by the mean dispersed phase velocity. The four terms in the RHS of Eq. (4.21) have the
following physical significance: (I): divergence of the triple velocity correlation. The balance

equation for the triple velocity correlation <c{c'jc[(>n could be derived from the Enskog general

equation (4.6). This term is very similar to the term (1) in the RHS of the Reynolds stress
tensor balance equation (3.79) developed in the context of the two-fluid model. The two terms
(1) in Eq. (4.21) are production terms by the mean velocity gradients. They need no further
modelling. They are also very similar to the production terms (I11) in the RHS of Eqg. (3.79).
The term (111) in the RHS of Eq. (4.21) represents the interaction with the turbulent motion of
the continuous phase. The last term (V) is due to inter-particle collisions.

4.2. Description of a population multi-disperse in size (and velocity)

In this section, a second internal phase coordinate, the particle diameter d, is introduced. The
fluid or solid particles are assumed to retain the spherical shape, but their diameter varies
from one particle to another one, and can also vary along one particle’s trajectory. The
particle distribution function f(d,c;x,t) is now defined such that f(d,c;x,t)5d8%c5x is the
probable number of particle centres at time t located in a volume element &% around point x,
having a diameter between d and d + &d and having a translation velocity between ¢ and c+dc.
The Liouville-Bolztmann equation (4.5) is generalized into the following equation:

F.
g+vl(fg):_i f _J|91d _i f<D_d9’d> _}_ﬁ
ot oc; m od Dt dt
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The n-weighted average quantity (4.1) is simply generalized into the following definition:

n(x, thwq), (6, 1) = [, (d ¢, tF(d, ¢ x, )5d8°c (4.23)

——
30

where 8Q is an abbreviated notation for the internal phase space element &d&°c. When

particles have different sizes, their masses are also different, and one has advantage to
introduce the following Favre (or mass weighted) average for the dispersed phase:

a(x, p(x, thw ), (x,1)= [m(d;x, thy;(d, ¢ x, tF(d, ¢ x, )50 (4.24)

where a and p are related to the dispersed phase without ambiguity on the notation, since the
dispersed phase is the only one considered here. The particle mass m is given by:

m(d; x, t) = p(x, t)— (4.25)

due to the spherical particles assumption.

Multiplying Eq. (4.22) by my and integrating the resulting equation over the internal phase
space, the following equation is obtained:

%(oap ) I—WfSQ+V(ap<wC ) ICV m\u)fSQ—

_omy omy /Dd
=+ % < Ld, c>f89+j < d, c>f6Q+C(m\p)

(4.26)

Dc.
Where <th|d9> Is the jth component of the particle acceleration, it is given by:

Dc i Fj
(e

For geometrical moments (quantities not weighted by the particle mass), an equation
analogous to Eq. (4.26) can be obtained by multiplying Eq. (4.22) by v (instead of my) then
integrating. This gives:

2lotw) - [ 004 vt )- Jevwion-
(4.28)
:+j2(‘:"< Ld, c>f6§2 ja“’<Dd|d c>fBQ+C( )
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4.2.1. Mass and momentum balance equations

In order to derive the mass and momentum balance equations for the dispersed phase, one
must first derive expressions for the Lagrangian derivatives of the particle diameter Dd/Dt and
velocity Dc/Dt appearing in Egs. (4.26) and (4.28). To fix the ideas, we will assume that the
considered particles are gas bubbles in a continuous liquid. The first derivative represents the
diameter variation measured along the bubble path. This size variation is due to the gas
compressibility on one hand, and on the phase change (vaporization or condensation) on the
other hand. The bubble mass variation Dm/Dt is only due to phase change, hence we can
write:
3

Dm_ R(pﬂj — rhnd? (4.29)

Dt Dt
where mis defined as the bubble mass gain per unit surface per unit time due to phase

change. m is the mean value of (2.19) over the bubble surface. The Lagrangian derivative
D/Dt being taken at the bubble velocity c, it is easy to deduce from (4.29):

D_dz_i(ﬁ_h g,vpj+zm (4.30)
Dt 3p\ ot p

For the sake of generality, we will also extend the interaction force model for bubbles in
liquid with any value of the bubble Reynolds number. The study of the forces exerted on a
bubble by the surrounding liquid is a quite difficult task. According to Minier & Peirano
(2001), a general form for the bubble momentum equation can be proposed which retains
drag, pressure gradient, added mass and gravity forces (see also Maxey & Riley, 1983;
Gatignol, 1983). Another important force called the lift force (Auton, 1987) is missing in the
description of Minier & Peirano (2001), but for our pedagogical purpose, it is sufficient to
start from the work of Minier & Peirano (2001). The momentum balance equation of a single
bubble reads:

T[_(i:a%_ TC_ng_ n_dsg+ @%_1 C ﬂ2|C—U|(C—U)—C TC_dS E_%
p p _pc6_p06Dt2pcD4____ Apc

6 Dt 6 6 | Dt Dt
%/_/ /
bubblﬁ generalized Archimede's force drag force added—mass force
weigt

(4.31)

Four forces are taken into account in the RHS of Eq. (4.31), these are the bubble weight, the
generalized Archimede’s force, the drag force and the added mass force. The vector field u is
the liquid velocity seen by the bubble (the so-called unperturbed velocity). The drag force is a
generalized expression of the force already seen for creeping flows (section 2.7.3) and
involves a drag coefficient Cp which needs to be modelled as a function of the bubble
diameter, bubble Reynolds number... Empirical expressions for Cp can be found in Ishii
(1990). The last force, the added mass force, is proportional to the liquid mass displaced by
the bubble immersion (p. denoting the continuous phase density, i.e. the liquid density). This
force is a brake to the bubble acceleration relatively to the surrounding liquid. The added
mass coefficient Ca essentially depends on the bubble shape. For spherical bubbles, it is equal
to one half (Ca = %). Dividing Eq. (4.31) by the bubble mass and regrouping the terms
proportional to the bubble acceleration in the LHS gives the following equation:
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(1+CA&j%=“i_ci+(1+c )p—CD—{l p°Jg, (4.32)

p ) Dt Ty p Dt

where 1, is a bubble relaxation time analogous to the one defined in Eq. (4.13) for Stokes
drag, and is given here as a function of the drag coefficient:

T, = dp_d (4.33)
3p, CD|C - u|
Introducing the definitions of the following coefficients:
(L+C,)Pe (1—p°j
T ;rp(1+cA&j, bz P 2 N P/ (4.34)
P (1+ C, p‘:j (1+ C, p°]
p p
The following final form of the bubble acceleration is obtained:
Dc; :ui_c‘+bDui+cgi (4.35)
Dt T Dt

Now we can derive the averaged mass and momentum balance equations for the bubble
swarm. Making y = 1 in Eq. (4.26) gives:

6

om Dd
X Otp I—fSQ+V ocp J-CV m)fSQ I——fSQ (4.36)

where we put C(m) = 0 because the bubble mass is a collisional invariant. Introducing (4.30)
into (4.36) and simplifying yields:

which is analogous to the mass balance equation (3.12) obtained in the context of the two-
fluid model.

Making v = c in Eq. (4.26) gives:

;(a I—f6Q+V(ocp cc) J-CV mc)fsQ =

(4.38)
+ ome D I%D—deQ C(mc)
6c Dt

First substituting (4.30) into (4.38) and simplifying gives:
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%(ap< ) )+V(ap cc ) Im—fSQ-i-ImTEd cf5Q + C(mc) (4.39)

The first term in the RHS is the bubble acceleration term, the bubble acceleration being given
by Eq. (4.35). The second term in the RHS is the averaged recoil force and the last term is the
collision term which can be rewritten as the divergence of a tensor (see Eq. 4.17). Defining an
average dispersed velocity weighted by phase change:

[rnd?cfsQ =T, Ug (4.40)

and developing the average of the tensorial product of velocities in the LHS of (4.39) as the
product of the averaged velocities plus the average of the product of fluctuating velocities, as
it has been done in sections 3.2.2 and 4.1.1, Eq. (4.39) becomes:

%(Oﬂp! )+ ViapU, U, )=-Vaplcc), +(s), Jerou; +0“)<B(t:>

with:U, =(c)_

(4.41)

Introducing Eq. (4.35) into the last term of (4.41), we find:

0 u-—c Du
—(apU, )+ ViapU U c'c’) + +FU+ +b(—) +c
(U, )+ V{(apy, U, )=~ viaslce), +(s) ) ap[< - > <Dt>a g}
(4.42)
The momentum balance (4.42) is the generalized form of (4.18) is the case of multi-size
bubbles and including phase change and the added-mass effect. Its use needs further

modelling.

4.2.2. Geometrical moments balance equations
Defining the p™ order moment of the diameter distribution function by the following relation:

S, = [d"fsQ=n(d?) (4.43)

The balance equation for the moment S;, is obtained by making v = d” in the general equation
(4.28). The result is:

%+V.(n<dpg>n)=—%(Sp%+n<dpg>n.ij+%jdp‘lmeQ+C(d") (4.44)

Several useful equations can be derived from (4.44) by taking different values for p. It is clear
from Eq. (4.43) that the zeroth order moment Sy corresponds to the bubble number density n.
The void fraction a is proportional to the third order moment (o = ©S3/6) as it can be seen by
making yq = 1 in Eq. (4.24). In the present context of the kinetic theory, the interfacial area

46



concentration a, (Eq. 3.64) is proportional to the second order moment (a, = ©S;). We can also
define an infinite number of mean bubble diameters by the following relation:

d—Spﬁ 4.45
pq=S_ (4.45)

The mathematical form for the bubble diameter distribution function can then be presumed to
close the modelling of the bubble diameters. For example, Kamp et al. (2001) choose to
model the marginal distribution function f(d;x,t) by a log-normal law:

f(diﬁvt):n(é,t)\/%éd ex( [log(gé?oo)]zJ s

where dqo is the median diameter and & is a width parameter. These two parameters depend
on the position x and time t and, together with n, completely define the bubble diameter
distribution function at these position and time. Their (exact) closure needs to know the void
fraction o together with the two particular moments S; and S, through the relations:

5e m(G“Sl], iy = 5% g (4.47)

TESZZ nS,
Hence one needs to calculate S; and S, by using their balance equations:

oS 1(. p 2
El + V.(n<d9>n )= —g(sl 7 n(dc)_ .Vp} + EJ' mfsQ + C(d)

(4.48)
D2 1 vin(aze) )- —i(sz P 4 n(d?) .ij 2 [amfse+C(d?)
at I n 3p at n p T
1 1
The equations (4.48) can be solved numerically when all the terms I, I, 111 and 1V have been

modelled by appropriate closure laws. These terms correspond to (I) transport of the moment
by the mean and fluctuating velocities, (I11) gas compressibility, (I11) phase change and (V)
coalescence, breakup, nucleation and collapse. The modelling of all these effects is a complex
task that will not be developed in this introduction to two-phase flows.

Of course, the expression (4.46) for the bubble diameter distribution function is only one
candidate. Other expressions, more or less complex, have been proposed in the literature to
model the spectrum of the bubble diameters.

5. Various special cases

5.1. Terminal velocity
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Due to the buoyancy (Archimede) force, the relative bubble motion in a liquid is essentially
upwards (bubble rising velocity). The terminal velocity is defined as the particular bubble
rising velocity at equilibrium between the drag force and the Archimede force, i.e. when all
the other forces have cessed to act on the bubble. This is a very important notion since it
allows obtaining the bubble drag coefficient by measuring the terminal velocity which is
accessible by visual observation. The link between the drag coefficient and the terminal
velocity is simply obtained by equalizing the drag force and the net buoyancy force (the
Archimede force together with the bubble weight). For a single (isolated) bubble in a liquid,
this gives (by simplifying Eq. 4.31):

nd? 1 nd?
(pL_pG)TQZEPLCDwTVTwZ (5.1)

where the index oo recalls that the bubble is alone in a infinite liquid medium. The terminal
velocity can be calculated directly from (5.1) if the drag coefficient is known:

Vo, = w (5.2)
3pLCDw

For a very small bubble, the creeping flow assumption can be done (section 2.7.3), and the

drag coefficient is given by Eq. (2.85). Substitution of (2.85) into (5.2) gives the value of the

terminal velocity of a clean bubble in creeping flow:

_(p. —pg Jod? (5.3)

Towo 12,_,LL

The relations (5.1)-(5.3) have been obtained for a single bubble case. Now we will search an
equivalent notion for a bubbly flow with a large number of bubbles starting from the two fluid
model momentum equations (3.32). We assume that the two phases do not accelerate and that
the molecular and Reynolds stress tensors can be neglected. We also assume no phase change.
Our last assumption is to assume that all the different average pressures appearing in Eq.
(3.32) are equal to a single average pressure p, an assumption commonly used in two-fluid
codes. Under these assumptions, the equations (3.32) written for the two phases degenerate
into the following ones:

—
O0=-asVp+agps g+Mig
L (5.4)
O=-a,Vp+a,p. g+M;

We can eliminate the mean pressure gradient between the two equations (5.4) by multiplying
the first one by o, the second one by o and then subtracting. This yield:

—L —o
O‘GOLL(PL —Ps b:aLMiG_aGMiL (5.5)

Neglecting the differences between Mjx and My (which is coherent with the assumptions
previously made) and neglecting the momentum interfacial source M, (i.e. neglecting surface
tension), we can write Mic = - M. = Mg hence:
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OLGOLL(EL _geszG (5.6)

The LHS of Eq. (5.6) contains the buoyancy forces. The RHS contains the interfacial forces
(drag, added mass...). Considering that the drag force is the only one to act on each bubble,
because we are searching for the average terminal velocity, the RHS of (5.6) must be replaced
by the average drag force per unit volume of the two-phase mixture. This averaged drag force
is given by the equation (4.19) together with the equation (4.33). Neglecting the dispersion
velocity Vg and replacing Ug — Uc = Ug — U by the mean terminal velocity V+, the equation
(5.6) becomes:

—L —o 3 —LC
OLGO(‘L(pL ~Pe %:ZGGPL TDVTZ (5.7)

where all the bubbles are assumed to have the same diameter d. The mean terminal velocity
can be obtained directly from (5.7):

—L —o
3p. Cp

The comparison of the two expressions (5.2) and (5.8) of the terminal velocity shows the
appearance of a factor . in the mean terminal velocity, which was not appear in the
terminal velocity of a single bubble. First it should be remarked that in the case of an isolated
bubble in a infinite liquid medium, the liquid fraction of presence oy tends to 1 hence the
difference between (5.2) and (5.8) in the single bubble case is negligible. For a bubble swarm,
it should be remarked that the Archimede force exerted on a given bubble comes from the
bubbly mixture surrounding the considered bubble and not from the liquid alone. Due to the
presence of the other bubbles, the bubbly mixture is lighter than the liquid as it is
characterized by the following density:

Pm =EAgPs T O P (5.9)

which is the averaged form of the first equation (2.11). Replacing p. in the LHS of (5.1) by
the mixture density (5.9), the result (5.8) is retrieved in place of (5.2), showing the complete
compatibility between the two fluid model and a balance of forces on a given bubble, at least
in the simple conditions studied here.

6. The example of the NEPTUNE_CFD code

In this section, we give the example of the NEPTUNE_CFD code developed by EDF and
CEA for the numerical studies of two-phase flows in simple as well as in complex geometries.
This code uses a generalized two-fluid model, generalized meaning that it can consider more
than two phases. However, for the sake of simplicity, we will consider only the case of two
phases here. Nowadays, this code has essentially three types of applications: gas-solid flows
(solid particles dispersed in a continuous gas phase), and two types of gas-liquid flows:
stratified flows and boiling bubbly flows. In order to fix the ideas, we will consider only the
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last application (boiling bubbly flows). The basic set of equations solved to simulate such a
flow is a six-fold one. It contains:

e Two mass balance equations
e Two momentum balance equations
e Two energy balance equations in the form of total enthalpy balance equations

This basic set of equations is compulsory to calculate boiling bubbly flows. To these six
equations, auxiliary balance equations can be added. These additional balance equations are
mainly of two types:

e Turbulence equations used to predict the turbulence existing in each phase
e Geometrical moments balance equations used to predict the average topology of the
bubble swarm.

In what follows, we describe each of these equations in their “simplified” version used in the
code, together with the main assumptions in order to obtain these simplified equations from
the exact balance equations developed in the preceding sections.

6.1. The mass balance equations in the NEPTUNE_CFD code

The mass balance equations are given by the equation (3.12) together with the jump condition
(3.13). The RHS of this equation is due to phase change (vaporization or condensation). The
only additional precision we must give is that this RHS is split into two different
contributions. The first contribution is the phase change through the surfaces of the already
existing bubbles. The second contribution is the nucleation of new bubbles. Nucleation can
classically be divided into wall nucleation (heterogeneous nucleation) and nucleation in the
liquid bulk (homogeneous nucleation). Here, only the heterogeneous nucleation is considered
and modelled. Therefore, the equation (3.12) is rewritten in the following form:

—k

0oL, Py

ot +V'(a’kpk Vi ):rkc +I° =T, (6.1)

where T is the part of I'x associated to phase change other than nucleation and I* is the
nucleation part. The part T}, can represent vaporization or condensation but the nucleation

part T only corresponds to vaporization. Obviously, each part of T’k verifies the relation
(3.13) independently.

6.2. The momentum balance equations in the NEPTUNE_CFD code

The momentum balance equations in the NEPTUNE_CFD code are based on the equation
(3.32) simplified by some additional assumptions. These assumptions are the following ones:

(H1): No distinction is made between the different averaged pressures. All the averaged
pressures appearing in Eq. (3.32) are assumed to be identical to a unique mean pressure p.
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(H2): No distinction is made between the two averaged velocities v, and v, .
(H3): The last term of Eq. (3.32) is neglected.

Under the assumptions (H1)-(H3), Eq. (3.32) reduces to:

—k
—k D, v, —k

—k —k
Oy Pk Dt :_akVp"‘V-(‘lk&k +£I))+0Lkpk g+ M +oypy Sy (6.2)

The last term of Eq. (6.2) has been added to take into account special physics, like for
example the centrifugal force when the flow domain is not Galilean. Now we must give the
closure relations for the averaged viscous stress tensor, the Reynolds stress tensor and the
interfacial momentum transfer. Assuming that each phase is a Newtonian fluid, the averaged
viscous stress tensor can be obtained by properly averaging the closure relation for the local
instantaneous (microscopic) viscous stress tensor. This has been done by Ishii (1975) and the
result is:

2
.
= Hk(ZYk +Z yk)_gukv'ykl
U
—k

—k
0T, = uk(v(ak\_/k

~—

— — )(6.3)

+ZT(0C|<EK)_!|< Vo, —Vo, v, +<!kﬂksl>+<nkl’k6|>

2 —k| =k ,
_§Hk Vi Vi )= Vi -Vak+<lk-ﬂk5|> I

where the following assumption has been made:
(H4): the dynamic viscosity L is a constant.

If we neglect also the fluctuations of the density pk, then there is no distinction between the
=k

. . —k
Favre average velocity v, and the phase average velocity v, . Therefore, under the
following additional assumption:

(H5): the density of phase k does not fluctuate (i.e. it is equal to its average value)

The expression for the averaged viscous stress tensor (6.3) can be simplified:

ik _ P«k(Yik +2Tik N <lkﬂk8|>+<ﬂklk8|>j_zuk(v.ik N <lk-ﬂk8|>jl 6.4)
= = = o 3 o =

The terms involving the gradient of the mean velocity are called “bulk deformation tensor” by
Ishii (1975) and the additional terms involving the fluctuating velocities together with the
interfaces normal and function of presence are called “interfacial extra deformation tensor” by
this author. In the NEPTUNE_CFD code, we make the following additional assumption:

(H6): The interfacial extra deformation tensor is neglected

51



and the averaged viscous stress tensor reduces to:

=k =Kk =Kk

ik :Mk(zyk +ZTYK )_éukv-\_/k ! (6.5)

Concerning the Reynolds stress tensor 21, essentially two modelling approaches are available

in the NEPTUNE_CFD code for a continuous phase like the liquid in a bubbly flow. The
Reynolds stress tensor can be calculated by solving 6 additional scalar equations for its
independent components, like the equations (3.79). We recall that the Reynolds stress tensor
is linked to the double velocity correlation tensor (3.65) by the following definition relation:

—k
T, =P R, (6.6)

The other method is to make the classical Boussinesq assumption of a turbulent eddy
viscosity. Using this assumption, the Reynolds stress tensor is modelled by analogy to the
viscous stress tensor by the following relation:

2 T =k 2_k

—k —
Z::MI(ZMK +V'v, j_EUkV-\_/k I-—p Kl (6.7)

where p, is the turbulent eddy viscosity and Kj is the turbulent kinetic energy defined in Eq.
(3.35). The closure of these last two quantities will be described in section 6.4.

Other models are available for the turbulence of the dispersed phase, characterized by the
Kinetic stress tensor introduced in section 4. The most sophisticated models are those based on
the kinetic stress tensor balance equation (4.21) but some simpler models, like the algebraic
Tchen model (Oesterlé, 2006), can also be used. These models are essentially devoted to
dusty flows (gas-solid flows) and not to the boiling bubbly flows described here, therefore we
won’t describe these models in more details.

Now we must describe closure laws for the interfacial momentum transfer term M. Due to
our assumptions (H1) and (H3), there is no reason to make a distinction between Mix and My
(see Egs. 3.25 and 3.27). Now we will make the following additional assumption:

(H7): the surface tension is not considered
Under this assumption, Eqg. (3.30) shows that the gas side interfacial momentum transfer term
Mg is the opposite of the liquid side interfacial momentum transfer term M,. It has been

shown in section 4.1.1 that this term can be obtained by dividing the sum of the interfacial
forces exerted on a bubble by the bubble mass and then averaging and multiplying by the

product agpq (EQ. 4.10):

M, = Otdpd<%> (6.8)
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where the index d denotes the dispersed phase. The quantity F is the sum of the different
forces exerted on a bubble by the surrounding liquid. Classical expressions for these forces
can be found in Eq. (4.31). Additional forces like the lift force (Auton, 1987; Tomiyama,
1998) or a wall force (Antal et al., 1991) can also be added. The averaging of all these forces
starting from (6.8) is a quite difficult task because all these forces have complicated non linear
expressions. Here we will not enter into the details of all the approximations made during this
averaging operation. Instead, we simply present the simpler model we use to simulate bubbly
flows. In this simple model, the interfacial momentum transfer is the sum of five forces per
unit volume of mixture:

M =M + Mg + Mg + Mg +M{¢ (6.9)

where the five terms in the RHS of Eq. (6.9) denote the averaged drag, added mass, lift,
turbulent dispersion and wall forces respectively. The drag force is modelled according to:

[f —Tj (6.10)

In this equation, a is the interfacial area concentration (IAC) which has been defined by Eqg.
(3.64) in the context of the classical two-fluid model and which is approximately equal to the
product ©S,, S, being the second order moment of the bubble diameter distribution function
(see section 4.2.2). This is a fundamental quantity since it represents the interfacial area
available for all the exchanges between phases (mass, momentum and energy). Its modelling
for the case of bubbly flows is the object of section 6.5. The drag coefficient Cp, is essentially
empirical and an abundant literature exists on its modelling. The added mass force is given by
the following closure relation:

—G =L

1
Mz :_ME z_galpLCD Vo — Vo

—G —G =L =L
Mé = _Mﬁ = _CAE((XG )aGpL aya?[ + Vg -Z!e - ayali +V, -ZYL (6.11)

where Ca is the added mass coefficient (equal to % in the case of spherical bubbles) and the
factor E(ocG) has been proposed by Zuber (1964) to take into account the influence of the

presence of the other bubbles. It is modelled according to:

E(a) = 11+_2§ (6.12)

The factor (6.12) is always greater than 1, therefore the average added mass force on the mean
bubble in a bubble swarm is more important than the same force in the case where the bubble
is alone in the flow, according to Zuber’s proposition.

The lift force has been calculated theoretically by Auton (1987) on a spherical particle

immersed in a weakly rotational flow. The averaged expression of this force used in the
NEPTUNE_CFD code is:
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M¢ :_ML:_CL(XGPL(!G -V j/\(z/\yL ) (6.13)

where C, is the lift coefficient which is equal to % in the theoretical calculation from Auton
(1987). In real flows, the lift coefficient varies with the bubble Reynolds number, bubble
shape... and can even changes its sign. Tomiyama (1998) gives a non dimensional
experimental correlation for the lift coefficient as a function of the bubble Reynolds and
Eotvos numbers.

The fourth force is the turbulent dispersion force which has a statistical origin. By statistical,
we mean that this force has no equivalent on a single bubble in a quiescent liquid, but comes
from the averaging operation which is necessary to pass from the microscopic forces on a
given bubble to the macroscopic forces per unit volume of two-phase mixture (Eq. 6.8). All
the microscopic forces have complicated non linear expressions and their average introduces
some additional terms like the dispersion velocity V4 which has been enlighten by averaging
the drag force (paragraph 4.1.2). In our simpler model, all these averaged effects coming from
non linearities are assumed to be grouped in a single additional force which is called turbulent
dispersion force. Several models have been proposed in the literature for this bubble
dispersion effect, the simplest having the following mathematical expression:

M(T;D = _MID =—Cpp K Vog (6.14)

where Cp is an adjustable coefficient. A modelling of the coefficient Ctp is given by Krepper
et al. (2006).

6.3. The energy balance equations in the NEPTUNE_CFD code

The NEPTUNE_CFD code uses simplified versions of the thermal energy equation (3.57) and
of the total energy jump condition (3.40). Assuming that the heat transfer and phase changes
dominate the energy exchanges, the terms arisen from the mechanical effects can be
neglected. Under this condition, Eq. (3.57) can be reduced to (Ishii & Hibiki, 2006):

—« D, H
Oy Py Ithk

—k —Kk
:—V.[ak(gk +91)]+ocka +Fk(H£—Hk)+q{§,a, (6.15)

Ishii & Hibiki (2006) also propose to simplify the total energy jump condition (3.40) by
making the following assumptions. The interfacial energy source Es can be neglected with
respect to the large energy exchanges that involve the latent heat at the changing of phases,
therefore Eq. (3.40) simplifies to:

> E, =0 (6.16)

The expression (3.53) for Ex needs to be completed by giving constitutive equations for the
difference between the mean velocity and the interfacial average velocity weighted by phase
change, the turbulent kinetic energies and the interfacial turbulent work. As in two-phase
flows with phase changes, the orders of magnitude of these terms compared to the thermal
terms is relatively small, these authors assume:
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H, =h,

vi—v, =0 (6.17)
W, =0

—1 —k

Pe =Py

Then Eq. (3.53) reduces to:

\ ” —k OO —1 —
E, =Ty hy + k2 T 0wd; =Py 8tk +(Mik I 'Vak)yk (6.18)

2

And the thermal energy transfer (3.52) can be approximated by:

y —k D, a
Ak:rkhllz'i_qkl a, — Py Tk (6-19)

Then, Eg. (6.16) becomes:

Z(Fkh£+q’k’.a|)+l“1 Vlz —V22 —( )aal ZL -1, Vak)vk =0 (6.20)

k

For relatively low speed flow, all the mechanical terms in Eg. (6.20) can be neglected and this
equation becomes:

> (fhy +qpa,)=0 (6.21)

k

In the NEPTUNE_CFD code, the interfacial heat flux per unit volume per unit time q;,a, is
denoted by IT, . The mass production rate by phase change is obtained by the relation (6.21):

1] + 1T,

r,=-
ST

(6.22)

The average molecular flux gk can be obtained by averaging the following expression valid
for a fluid obeying Fourier’s law:
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U (6.23)

where we made the following assumption:

(H11): the thermal conductivity A is constant or does not fluctuate.

The average molecular flux ik contains two terms: one proportional to the gradient of the

bulk averaged temperature, and the other involving fluctuating temperature at interfaces. The
NEPTUNE_CFD code only retains the first of the two terms in (6.23). However the
modelling of the second term could be easy (Ishii & Hibiki, 2006). Assuming that the
microscopic temperature T at interfaces is given by the saturation temperature Te(p) and that
this saturation temperature does not fluctuate (this is the case if it is calculated directly in
function of the mean pressure), then the second equation (6.23) can be rewritten
approximately:

—k —k —« |V
Qk E_7\'|{VT|< _(Tsat(p)_Tk )&:| (6-24)

Oy

(H12): the second term in the RHS of (6.24) is not retained.

T

The turbulent heat flux g,

is modelled by analogy to Fourier’s law for the molecular
conduction:

Cpk!’l-ll(— —k

e, (6.25)

k

Q) =-2VT, " =~

where A, is a turbulent conductivity linked to the turbulent eddy viscosity p, by the
introduction of a turbulent Prandtl number Pr, .

At the end, the interfacial heat transfers between each phase and the interfaces are modelled
according to:

' " : " A Nu Tk
IT, =a,q,,  Wwith qy :ka(Tsat(p)_Tk ) (6.26)

where Nug is a Nusselt number which must be modelled according to the phase considered
and to the situation encountered (overheated or subcooled liquid...). The quantity d in the
denominator of (6.26) is a mean bubble diameter. The modelling of bubble diameters and
interfacial area concentration a, are postponed to section 6.5.
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6.4. The turbulence balance equations in the NEPTUNE_CFD code

Two major approaches have been developed in the NEPTUNE_CFD code to model the
turbulence of a continuous phase like the liquid phase of a bubbly flow. The earlier approach
which has been developed is the K-g approach which is based on a balance equation for the
turbulent Kinetic energy (Eq. 3.81) and a second balance equation for the turbulent dissipation
rate . A more recent approach is the RSM approach which solves directly the balance
equations for the six Reynolds stress components (Eqg. 3.79), thus does not need to do a
modelling assumption on the Reynolds stress tensor closure, like the Boussinesq hypothesis
(6.7). The equations (3.79) are also completed by an additional equation for the turbulent
dissipation rate. Due to its extreme complexity, this last equation has not been presented here.
The interested reader can find the derivation of the exact equation for g in Morel (1995).

Here we only present the closure of the K-& model as it is used in the NEPTUNE_CFD code
for bubbly flow studies. The Reynolds stress tensor components are determined by the closure
relation (6.7) together with the following closure relation for the turbulent eddy viscosity:

K,

n

ul =p. vl with vI=C (6.27)

€y

Two additional balance equations are then written for the turbulent kinetic energy Ky and its
dissipation rate gx. The turbulent kinetic energy balance equation has a slightly different form
from Eq. (3.81). After some manipulations, Eq. (3.81) can be rewritten:

—Kk F
g(akKk)_'_i(akKkvk,l j:_kKE
ot oX, Pi
i
0 V)V, “ 1 K K
i R ' ’ ' a 1y,
_8X, Oy kvzk Vil _Eakvk,irk,il +p_:pkvk,l (6.28)
I ! v
v o
v i 1 [N o ' V,,i 1 ' '
- Ry a—;_g<pkvk,ink,isl>_p_:rk,ila—xkl +E<Tk,ilvk,ink,lsl>
v M VI vin

with the following interpretation of the eight terms in the RHS of Eq. (6.28):

() is the interfacial transfer of turbulent kinetic energy associated to the mass transfer by
phase change, its modelling needs to give an expression for K, . (I1) is the triple velocity

correlation, (I11) is the phase viscous stress — velocity correlation, (IV) is the phase pressure
velocity correlation. (V) is the production term by the mean velocity gradient which needs no
further modelling. (V1) and (VIII) are the interfacial pressure-velocity and viscous stress —
velocity correlations. The last term (V1) is the turbulent dissipation rate by viscous effect:
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(6.29)

In fact we do not write an equation for the turbulent dissipation rate (6.29) but an equation for
the pseudo turbulent dissipation rate (Schiestel, 1993) which is approximately equal. The
pseudo dissipation rate is defined by:

=K
Vi Vi
OX, OX,

(6.30)

€y EVy

In what follows, we give a first proposition of closures of the different unknown terms
appearing in Eq. (6.28) which can be used in bubbly flow studies (Morel, 1997). The sum of
the three terms (I1), (111) and (I1V) intervenes in a divergence, therefore making transport of the
turbulent Kinetic energy without altering it. We choose to model the three terms (I1), (111) and
(V) as a whole by introducing a diffusive flux proportional to the gradient of the turbulent
Kinetic energy:

% by K,

(am-+am+av) =-
Pk Ok X

(6.31)

The two terms (VI) and (V1I1) are interfacial terms corresponding to the turbulent work of the
fluctuating pressure and viscous stresses. We model these two terms collectively by the power
developed by the averaged drag in the mean relative velocity:

(V1) + (VIII) = —Mg.(ie _ij = p! (6.32)

This power corresponds to the additional turbulent kinetic energy produced in the wakes of
the bubbles. This wake energy comes from the gravitational potential energy lost by the
bubbles during their rise in the surrounding heavier liquid. At the end, we make the following
assumption:

(H14): the interfacial average turbulent kinetic energy weighted by phase change K, is not
different from the mean turbulent kinetic energy Ky:

Ky =K, (6.33)

Considering the models (6.31)-(6.33), the modelled equation corresponding to (6.28) reads:

=Kk =k

0
a(akpkKk)+v'(akpkKkyk j:FkKk — o pg — PR, 1 VV,
(6.34)

;
+V.[ock H—“VKKJ + Py
Ok

Or, in non conservative form:
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D,K — T
oy Py E)t = —0, Py, —o,pR, 1Vy, +V'[ak g_kVKkj+ Py (6.35)
K

where Py is the additional production due to the second phase and modelled by (6.32). It

should be noted that in bubbly flows, the equation (6.35) is only used in the liquid phase (k =
L). The turbulent dissipation rate balance equation resembles to the equation (6.35). It reads:

D ? — '
APy [k;t;k =-C,0,py %_Cslakpk li_kik -V +v-(0‘k i—kV8k]+P; (6.36)
k K

€

The last term P! being the interfacial production term of &, which is closed by the following
relation:

Pl =C,, 2k p! (6.37)
3 Kk K

6.5. The geometrical moments balance equations in the
NEPTUNE_CFD code

The geometrical balance equations used by the NEPTUNE_CFD code are particular and
simplified versions of the exact equation (4.44). These geometrical balance equations allow to
close the bubble diameter distribution function, hence restoring an average information on the
bubbles mean topology. Several approaches have been tempted, according to different
presumed mathematical expressions of the bubble diameter distribution function. One of them
is the log-normal law which has been presented in section 4.2.2 (Egs. 4.46 and 4.47). One
simpler approach that has been used by many authors is the single size approach where the
bubble diameter distribution function is assumed to be given by a Dirac distribution peaked at
the Sauter mean diameter ds, (all the bubbles are assumed to have the same diameter ds,
which varies in time and space). By definition, this Sauter mean diameter is given by:

(6.38)

which is a particular case of the general definition (4.45). Hence, in the simplest approach
based on ds,, it is sufficient to write an additional balance equation for the interfacial area
concentration (IAC), the void fraction ag being part of the solution of the two-fluid model.
The IAC is also involved in the modelling of the drag force (Eq. 6.10) as well as in the
modelling of the interfacial heat transfers (Eq. 6.26). Hence, due to its particular importance,
we will develop here the equation for the IAC. As the interfacial area of a single bubble
having a diameter d is given by nd? the IAC is given by the following relation:

a, = j: nd?f(d; x, t)pd = 7S, (6.39)
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Hence it is equivalent to write an equation for S, or for a,, the last one being obtained by
multiplying the first by a factor . Multiplying Eq. (4.48), by = gives:

%+ vin(za’c) )= —%[a, % +n(nd’c) .ij +4—;jdmf5d rcld?)  (6.40)

In this equation ¢ denotes the velocity of a bubble having a diameter d. We can decompose
this velocity into the mean gas velocity and a fluctuating velocity:

c=Vvg +¢’ (6.41)

where ¢” is the deviation between the particular bubble velocity and the mean velocity of the
bubbles swarm. Introducing Eq. (6.41) into Eq. (6.40) yields:

_+v.(azej - —vn(nd?c"). )—% a, DDth +n(md?c") Vp +4—;Idr'nf8d +C(nd?)
A% =P

neglected neglected

(6.42)

In our present state of the art, the two terms involving c" are neglected in the
NEPTUNE_CFD code. Replacing the gas density p by its averaged value in Eq. (6.42) yields:

—0C —©

A vlav, |=—-28 DePe | AT rqiesd s olnd? (6.43)
1=G G G

ot 3pg Dt Pe

Using the gas mass balance equation (3.12), the equation (6.43) can be rewritten equivalently:

oa =06 2a, | Oa. =06 4r . 2a, I’
8—t'+V.(a,\_/G j:3oc; [FG+V.(%MG ﬂ+_—6'|.dmf8d_ L& . C(ndz) (6.44)

(08
p G G p G coalescence
gas expansion term and break—up

phase change terms

The RHS of Eq. (6.44) contains three types of terms. The first one is called the gas expansion
term (Ishii & Hibiki, 2006) and needs no further modelling. The two following terms are due
to phase change and need further modelling. The last collision term includes coalescence and
break-up of bubbles which also need to be modelled. In the simplest case where all the
bubbles are assumed to have the Sauter mean diameter ds,, the phase change terms in Eq.
(6.44) cancel together:

4 . 2a, T, 4n | . . d..2
f(d)=8(d-dy,) = —¢ jdmes(d—d32)ad—3 L e _ 4T (m(daz)d&_m(d&)de,z Jzo
32

Pe U pg Pe
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where the definition (4.37) of I'c has been used. In NEPTUNE_CFD code, we prefer to use
Eq. (6.43) where the phase change term is decomposed into a wall nucleation part and another
part due to phase change through the surfaces of the already existing bubbles, as we have
done in the mass balance equation (6.1). Hence, Eg. (6.43) becomes:

—G
—0 D " " l—wnuc
%w{a,yG jz_ 241 PePo AT g 9u* W 5, e, o(na?) (6.46)
o 3pg Dt Pc ¢ pe dy

where qf, and q{, are the heat flux densities which must be modelled in accordance to (6.26),

¢ is the latent heat of vaporisation and I';“ is the gas mass production by newly nucleated
bubbles at the detachment diameter dg.
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