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FONCTION INDICATRICE DE PHASE

• Définition de la fonction indicatrice de phase :

Xk(r, t) =

1 si M(r) ∈ phase k,

0 si M(r) /∈ phase k.

• Moyennes spatiales :

phasique : < f >n,
1

Dkn

∫
Dkn

fkdV,

globale : <| f>| n ,
1
Dn

∫
Dn

fdV.
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OPÉRATEURS DE MOYENNE (SUITE)

• Moyennes temporelles :

phasique : f
X

k (t) ,
1
Tk

∫
[Tk]

f(τ)dτ,

globale : f(t) ,
1
T

∫
[T ]

f(τ)dτ.

• Propriétés de commutativité :

Rkn < fk >n = <| αkf
X

k >| n.

• Taux de présence de phase : moyennes de la fonction indicatrice de phase

• Taux de présence du gaz : taux de vide (void fraction, gas hold-up).
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TAUX DE VIDE (α)

� � � � � � �

� ��

• Taux de présence local (gaz, taux de vide) :

αG(r, t) , XG =
TG
T
.

• Fraction spatiale instantanée.

– Taux de présence linéique :

RG1(t) , <| XG>| 1 =
LG

LG + LL
=
LG
L

– Taux de présence surfacique :

RG2(t) , <| XG>| 2 =
AG

AG +AL
=
AG
A

– Taux de présence volumique :

RG3(t) , <| XG>| 3 =
VG

VG + VL
=
VG
V
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PROPRIÉTÉS FONDAMENTALES

• Commutativité (f = 1) : Rkn = <| αk>| n = <| Xk>| n.

• Taux de présence moyen.

– sur une ligne,

RG1 =
1
T

∫
[T ]

RG1(τ) dτ =
1
L

∫
L

αGdL

– sur une section,

RG2 =
1
T

∫
[T ]

RG2(τ) dτ =
1
A

∫
A

αGdA

– dans un volume,

RG3 =
1
T

∫
[T ]

RG3(τ) dτ =
1
V

∫
V

αGdV

• Les différentes définitions du taux de présence sont précises. Ce sont tou-
jours des moyennes de la FIP.
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AUTRES DÉFINITIONS

�� � �

• Aire interfaciale volumique (instantanée) :

Γ3(t) ,
Ai(t)
V

• Aire interfaciale locale :

γ =
1
T

∑
disc.∈[T]

1
|vi.nk|

• Identité (commutativité des termes
d’interaction), aire interfaciale moyenne :

Γ3 ≡ <| γ>| 3

• Quantité mesurable.
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TAUX DE VIDE : TECHNIQUES DE MESURE
• Taux de vide local,

– Sondes électriques

– Sondes optiques

• Taux de présence sur une ligne,

– Atténuation photonique (X ou γ)

• Taux de présence sur la section,

– Rayons X ou γ (one-shot)

– Densitométrie multi-faisceaux

– Diffusion de neutrons (acier, eau-vapeur HP-HT)

– Densitométrie à impédance

• Taux de vide moyen (volumique),

– Vannes à fermeture rapide

– Variation de pression hydrostatique

– Méthodes ultrasonores (Bensler, 1990).

• Imagerie médicale, CT et MRI
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TAUX DE VIDE LOCAL

Sondes électriques (résistivité) :
Mesure de la fonction indicatrice de phase, XL(r, t) (FIP).

�

�

• Milieu continu conducteur

• Milieu dispersé isolant

• Seuillage → XL → αL

� � � � � � �

� 	 
 � �


 	 � � �

� � � � � � �

� � �
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TAUX DE VIDE LOCAL

Sondes optiques (indice optique) :
Mesure de la fonction indicatrice de phase, XG(r, t) (FIP).

� � �

� �

Eau, fréons, T < 110oC
� � � � � � � � � �

� � � 	 � 
 � � 
 �

� � � � � � 	 � �

� � � � � � � 
 �
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DÉTERMINATION DES SEUILS
� � � � � �

� � 	 
 �� 
 � � � � �

� � 	 
 �

� � 	 
 �

� � � � � �

� �

� �

�

�
• α = XL, dépend du seuil :

S1 > S2 ⇒ αL1 < αL2.

• Méthode de référence :

∆p→ RG2

• Rappel :

<| αG>| 2 = RG2

• On détermine sur A, αG(S).
On ajuste S :

<| αG(S)>| 2 = RG2

• Contrôle de cohérence.
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SONDES OPTIQUES ET ÉLECTRIQUES
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SONDES À POINTES MULTIPLES

• 2 pointes : hypothèses statistiques et
bulles sphériques, histogramme des
cordes→diamètre moyen, vitesse
moyenne des bulles.

• 4 pointes, négliger la courbure,
orientation (nk), vitesse de
déplacement de l’interface, vi � n

• Aire interfaciale locale,

γ =
1
T

∑
disc.∈[T]

1
|vi.nk|

• Diamètre de Sauter moyen (D32),
identité (bulles)

γ =
6α
DSM
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ATTÉNUATION PHOTONIQUE

� �

� � � � �

�

• X ou γ.

• Faisceau collimaté, mono-énergie (raie)

• Loi de Beer-Lambert :

dI = −µIdx, [µ] = L−1

• Absorption linéaire, µ coefficient
d’absorption linéique.

• µ

ρ
: absorption spécifique, dépend de f .
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MISE EN OEUVRE

�

� � �
�

� � � � � 	


 � � � 
 �
� � � � � � � � � �

� � � � � 	 � �

• Générateur X, ou source γ

• Réception : photo-multiplicateur (NaI,
semi-conducteurs), compteur

• Collimation : bloc percé, 0,5 mm

• Faisceau collimaté, mono-énergie (raie)

• Intégration sur épaisseur finie

I = I0 exp(−µL) = I0 exp
(
−µ
ρ
ρL

)
• A basse pression insensible au gaz.
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TAUX DE PRÉSENCE SUR UNE LIGNE

�
�

�

�

� � �

�
�

�

Ecoulement eau-air, liquide vapeur.

• Diamètre D, épaisseur des parois e/2.

• Loi de Beer-Lambert :

I = I0 exp(−µpe) exp (−µL(1−RG1)D)

exp(−µGRG1D)

• Taux de présence linéique :

RG1(z, t) ,
LG

LG + LL
=
LG
D

• Approximation basse pression :

IG = I0 exp(−µpe)

IL = I0 exp(−µpe) exp (−µLD)

I = I0 exp(−µpe) exp (−µL(1−RG1)D)

RG1 =
ln I/IL

ln IG/IL
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SOURCES D’ERREURS

• Contraste → basse énergie

IG
IL

= exp
(
µL
ρL
ρLD

)
• Erreurs statistique, bruit → haute énergie

I ∝ N, ∆N
N
∝
√

1
N

� � �

� � � � � � � � 	 � 
 �

• Fluctuations de taux de vide : exp I 6= exp I, ∆RG ≈ 0, 20 (slug), ∆RG ≈ 0, 05
(churn).

• Stabilité de la source : faisceau de référence, I → I
I′0

• Durcissement de spectre, étalonnage direct, I(RL). Filtres.
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TAUX DE PRÉSENCE LINÉIQUE

D’après Bensler (1990, p. 60)

• Eau stagnante : RG2 = 0,01, 0,04, 0,07, 0,10, 0,13, 0,16, 0,19.
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TAUX DE PRÉSENCE LINÉIQUE

D’après Bensler (1990, p. 61)

• Ecoulement diphasique, JL = 2 m/s : RG2 = 0,03, 0,061, 0,069, 0,089, 0,123.

• Pic de taux de vide en paroi, wall peaking, toujours un défi pour la modélisation...

• Transition, plat-concave, amas de bulles.
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TAUX DE PRÉSENCE SURFACIQUE

� �
�

�

�

• Moyenne spatiale RG2,

RG2 =
1

πR2

∫ R

−R
RG1(y)

√
R2 − y2dy

• Inversion tomographique, axisymétrie

RG1(y)⇔ αG(r)

RG1(y, θ)⇔ αG(X,Y )

��
��
��
��
��
��
�
��
	

�
�

	


�
��
��

�

�
�	

�
��
��
�
�

� � � � � �

• Valeur instantanée, RG2(t)

• Limitations connues, Compton, diffusion

∆RG2 6 0, 05

0 < RG2 < 0, 8
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TAUX DE PRÉSENCE SURFACIQUE

� � � � � � �
�
	�
�
	�
�
�


� � � � � � 
 � �

• Densitomètre multi-faisceaux,

RG1(θ)⇔ αG(r)

• Tomographique à rayons X

RG1(θ, φ)⇔ αG(x, y)

• Diffusion de neutrons à 90˚

• Traverse l’acier, diffusion par hydrogène

• Cinématographie.
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SUPER MOBY DICK

Selon les figures 63’r et 64’r
de Jeandey et al. (1981).

P0 = 59.43 bar, TL = 269.2 oC,
Psat = 54.31 bar.
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RESONANCE MAGNETIQUE NUCLEAIRE

• Résonance magnétique nucléaire, RMN, imagerie par résonance (IRM)

– Pas d’interaction mécanique avec l’écoulement,

– Aimantation (H, F), traceur passif, champ magnétiques

– Masse volumique moyenne (Taux de présence local), vitesses

• Résolution spatiale et temporelle

– 0D, 1D, 2D, etc.

– Grandeurs moyennes, filtres spatiaux arbitraires (LES).

– Mélange et transport turbulent.

• Examen de routine, imagerie corps entier (statique), 1 mm3, débit artériel,
encore en développement pour l’imagerie en vitesse.
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IMAGERIE EN VITESSE D’UNE GOUTTE EN LÉVITATION

have been reconstructed by the same method described
earlier but lacking the slice selection. In Fig. 12, these
vector plots are shown. The circulation (vortex) pattern
is restricted to approximately the upper half of the
drop, while typically 10 times smaller velocities occur
in the bottom half. They do not show a particular fea-
ture and appear to be random; however, this might be a
consequence of the volume averaging which can mask
an existing regular pattern. The horizontal projection,
on the other hand, reveals an indistinct velocity distri-
bution which is expected as all �outward� and �inward�
flowing fluid elements would compensate when viewed
from the top, with a small asymmetry brought about
by the rigid cap which deforms the toroidal velocity

field. A vortex-like pattern with small residual velocity
components of below 3 mm/s is indeed found in the
right-hand part of Fig. 12.

To demonstrate the sensibility of the technique, a fi-
nal test was made by tilting the whole cell deliberately.
Assuming a rigid rod, the geometrical constraints by
the inner magnet bore and the fixations allowed a tilt an-
gle of less than 0.2�, but a possible bending of the glass
tube could have led to a somewhat larger tilt angle that
could not be determined directly. Under these circum-
stances, the drop must experience a superposition of
internal vortex and overall rolling motions which add
up linearly in the measured velocity field. However, be-
cause of the presence of the rigid cap that rests in place

Fig. 12. Vector plots of the internal velocities in a toluene drop averaged over the dimension normal to the drawing plane. Left, vertical projection;
right, horizontal projection.

Fig. 13. Vector plots of the internal velocities in a toluene drop in an asymmetric stream environment, averaged over the dimension normal to the
drawing plane. Top left, vertical projection; bottom left, lower part of the drop with arrow lengths increased fivefold; top right, horizontal projection;
bottom right, sketch of principal flow pattern (not to scale).

A. Amar et al. / Journal of Magnetic Resonance 177 (2005) 74–85 83

Imagerie en vitesse, d’après Amar et al. (2005, Fig. 13).
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VITESSE ET TAUX DE PRÉSENCE (EC. BULLES)

tion. The z–x orientation z-velocity map is more asymmetrical than
the equivalent in single-phase flow, presumably because the pres-
ence of the gas phase accentuates any horizontal asymmetry in the
apparatus. These observations can be made for both gas flow rates,
but the faster gas flow causes a greater gas buoyancy effect and
therefore a wider range of z-velocities. The average liquid superfi-
cial velocity values calculated from the MRI data were 0.97 m s�1

for all the velocity maps, both for single- and two-phase flow. This
compares favourably with the superficial velocity of 1.0
(±0.1) m s�1 measured using the rotameter.

3.5. Potential improvements to the measurement

Due to the fast gradient switches used, the actual gradient
shapes applied may differ from the perfect theoretical shapes ex-
pected. This is most likely to affect the flow gradients because
the gradient strengths were of the order of 10 times higher than
the position gradients. The gradient stabilisation delay of 5 ms
before each RF pulse was intended to reduce this error. However,
the delay between the two lobes of the flow-encoding bipolar

pair was necessarily much less (D� d = 300 ls) in order to short-
en tp. An alternative solution (not employed here) would be to
use carefully shaped gradient pulses. We deemed use of the
propagator mode the best analysis for control of uncertainty in
our velocity maps. However, these low resolution measurements
may very well benefit from optimisation with a cumulant anal-
ysis [24].

The amount of transverse signal decay that occurs before the
acquisition of a data point depends on the length of the phase-
encoding time. Shorter encoding times give less signal decay and
a more accurate measure of the true spin density of the voxel.
The tp value of 1.3 ms for the velocity maps cannot easily be re-
duced because of the time required for a flow-encoding gradient
pair, but there is scope to reduce the tp of the spin density images
to a value less than the 1 ms used. In this case, some spoiling of the
suspected residual transverse magnetisation or increased doping of
the sample (where possible) might be necessary. Definitive mea-
surement of void fraction by MRI will require multiple tp acquisi-
tions and independent validation using stopped-flow volume
measurements, for example.

Fig. 7. (a and b) Images of single-phase liquid flow and (c and d) relative signal intensity images (Itwo/Isingle, see Eq. (2)) of bubble flow. (a and c) z–x (horizontal) plane; (b and
d) z–y (vertical) plane. The mass flow rate of liquid is 0.16 kg s�1 in both cases, corresponding to a superficial velocity of 1.0 m s�1; the mass flow rate of gas is
8.6 � 10�4 kg s�1.

Fig. 8. Velocity maps of (a, c and e) single-phase liquid flow and (b, d and f) bubble flow. The mass flow rates of liquid and gas are 0.16 kg s�1 and 4.2 � 10�4 kg s�1

respectively. The data are 2D projections in the z–y (vertical) plane and are maps of (a and b) x-velocity, (c and d) y-velocity, (e and f) z-velocity.

132 M. Sankey et al. / Journal of Magnetic Resonance 199 (2009) 126–135

fraction liquide linéique, RL1y et
RL1x

3.6. Sample fluctuations

SPRITE is a time-averaged technique suitable for steady-state
systems. The bubble flow system shows long-term steady-state
behaviour but there are short-term fluctuations in the void distri-
bution. This may lead to artefacts and blurring in the images which
are generated from a Fourier transformation of data points ac-
quired with different void distributions. The nature of the artefacts
depends on the relative magnitude of the fluctuations and also
how their frequency compares with the pulse sequence timing.
There are two fundamental timing parameters in the SPRITE se-
quence: the phase-encoding time and the recycle time between
RF pulses. Sample fluctuations will have occurred during both
these time scales, but visual observation suggests that their magni-
tude is low and not likely to distort the data significantly. In this
regard SPI has two advantages over spin echo techniques: first,
the time between excitation and acquisition is very short; and sec-
ond, the pure phase-encoding means any artefacts are distributed

across the image, not concentrated in a line like the ‘‘phase arte-
fact” characteristic of spin-warp imaging of fluctuating systems
(such as that demonstrated by [22]). It would be interesting to con-
duct further research on this effect by a combination of experimen-
tal work and computational simulation.

4. Conclusions

This work has demonstrated the ability of SPRITE MRI to acquire
approximate void fraction and quantitative liquid velocity maps of
gas–liquid dispersed bubble flow in a horizontal pipe. The short
encoding time and pure phase-encoding nature of the technique
are particularly well suited to this system. The 2D data are aver-
aged over the transverse direction of the pipe which limits their
resolution but it is a trivial extension to acquire 3D data by adding
a position gradient in the third orthogonal direction [21]. The data
are time-averaged over minutes of acquisition and any parameters
which might be derived from the data, such as bubble size distribu-

Fig. 9. Velocity maps of (a, c and e) single-phase liquid flow and (b, d and f) bubble flow. The mass flow rates of liquid and gas are 0.16 kg s�1 and 4.2 � 10�4 kg s�1

respectively. The data are 2D projections in the z–x (horizontal) plane and are maps of (a and b) x-velocity, (c and d) y-velocity, (e and f) z-velocity.

Fig. 10. Velocity maps of (a, c and e) single-phase liquid flow and (b, d and f) bubble flow. The mass flow rates of liquid and gas are 0.16 kg s�1 and 8.6 � 10�4 kg s�1

respectively. The data are 2D projections in the z–y (vertical) plane and are maps of (a and b) x-velocity, (c and d) y-velocity, (e and f) z-velocity.

M. Sankey et al. / Journal of Magnetic Resonance 199 (2009) 126–135 133

Vitesse moyenne du liquide, <| viLXL>| 1x.

Ecoulement à bulles horizontal, D = 13.9 mm, d’après Sankey et al. (2009, Figs 7 and 10).
L’échelle de vitesse est en m/s, pas en mm/s.
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DENSITOMÉTRIE À IMPÉDANCE

��

�

�

• Impédance du milieu diphasique, excitation E, signal I.

I = DEσC(T, c1, c2, · · · )f(RG3, · · ·)

• Résistif, σ2φ, capacitif, ε2φ, élimination effets interfaces, 10 < f < 100 kHz
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IMPÉDANCE-COMPOSITION

• Configuration électrodes : régime d’écoulement.

– Anneaux : stratifié, réponse quasi-linéaire, conducteur 1D.

– Électrodes face à face, réduction du volume de mesure, écoulement à
bulles, ondes de densité.

• Evolution spatiale lente : RG3 ≈ RG2(t)

• Sensibilité en température : 1oC≈1% de taux de vide.

• Méthode de référence, élimine les effets de σC ,
I → I

I0
, I0 = DEσC(T, c1, c2, · · · )f(0)

• Etalonnage (méthode de référence), modélisation numérique (BEM)

• Optimisation géométrique (BEM) : f(RG2, · · · ) ≈ g(RG2).
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ECOULEMENTS EAU-HUILE

• D’après Boyer (1992, p. 98)

• Modèles théoriques, dispersion, Maxwell, Bruggemann, σD/σC → 0,

σ2φ ≈ σC(1−RD3)3/2

ε2φ ≈
3
2
εD +

(
εC −

3
2
εD

)
(1−RD3)3/2
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FRACTION VOLUMIQUE

�

�
�

• Vannes à fermeture rapide, décantation :

RL3 =
VL
V

� �

• Variation de pression hydro-
statique (vL � 1 m/s)

∆p = ρgH

ρ , ρGRG3 + ρL(1−RG3)
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MODÈLES SIMPLES DE TAUX DE VIDE

1D-1V
Homogène

wXG = wXL = w

2D-1V
Bankoff

wXG = wXL = f(r)

1D-2V
Wallis

wXG = wG

wXL = wL

wL 6= wG

2D-2V
Zuber-Findlay

wXG = f(r)

wXL = g(r)

• Idéalisation de l’écoulement, quasi-équilibre entre phases.

• Déséquilibre mécanique : wXG 6= wXL

• Profils de vitesse.
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MODÈLE HOMOGÈNE (1D-1V)

• 1D-1V, wXG = wXL = w

– On se donne : QG, QL.

– On cherche : RG2 = <| αG>| 2.

• Etablissement des 4 modèles, définition du débit moyen,

QG ,
∫
AG

wG dA = AG < wG >2 = ARG2 < wG >2

• Commutativité des moyennes, vitesse uniforme,

QG = ARG2 < wG >2 = A<| αGwXG>| 2 = ARG2wG

• Pour le liquide,
QL = A(1−RG2)wL

• Vitesses égales,

QG
QL

=
RG2

1−RG2

, RG2 =
QG

QG +QL
= β
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MODÈLE DE BANKOFF (2D-1V)

• 2D-1V, wXG = wXL = wC
(
y
R

) 1
m , αG = αC

(
y
R

) 1
m

• On se donne : QG, QL. On cherche : RG2 = <| αG>| 2.

• Définition des débits moyen,

QG = A<| αwXG>| 2 = Af(wC , αC ,m, n), QL = A<| (1−α)wXL>| 2 = Ag(wC , αC ,m, n)

• Calcul des vitesses et taux de présence moyens,

<| wXL>| 2 = h(wC ,m), RG2 = k(αC , n)

• On élimine αC et wC ,

RG2 = Kβ , K =
2(m+ n+mn)(m+ n+ 2mn)

(n+ 1)(2n+ 1)(m+ 1)(2m+ 1)
, K = 0, 6÷1, 2 6 m,n 6 7

• Corrélation de Bankoff, eau vapeur (p en bar),

K = 0, 71 + 0, 00145p
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MODÈLE DE WALLIS (1D-2V)

• 1D-2V, wXG = wG, wXL = wL, αG(r) = αG, wG 6= wL

• On se donne: QG, QL. On cherche : RG2 = <| αG>| 2

• Définition des débits moyens,

QG = A<| αwXG>| 2 = ARG2wG

QL = A<| (1− α)wXL>| 2 = A(1−RG2)wL

• On calcule le taux de présence moyen,

RG2 =
QGwL

QLwG +QGwL
=

β

1 +
(1−RG2)(wG − wL)

J

• Ex. fermeture, écoulement à bulles, w∞, vitesse ascension, isolée (Clift et al. , 1978)

wG − wL = w∞(1−RG2), w∞ = f(D,σ, ρL, ρG, µL, · · · )

• Diagramme de Wallis (Wallis, 1969), colones à bulles, analogie transferts de masse.
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DIAGRAMME DE WALLIS
• Flux volumique :

jk , αkw
X
k = Xkwk, j = j1 + j2

• Vitesse de dérive : vitesse relative au centre de volume,

vkj , w
X
k − j

• Flux de dérive, densité de flux par rapport au centre de volume,

jGL = αG(wXk − j)

• Hypothèse 1D :

JGL = <| jGL>| 2 = RG2(wG − J) = (1−RG2)JG −RG2JL (1)

• Définition : J = JG + JL = RG2wG + (1−RG2)wL,

JGL = RG2(1−RG2)(wG − wL) = w∞RG2(1−RG2)2 (2)

• Corrélation pour les écoulements à bulles (fermeture), mousses.
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DIAGRAMME DE WALLIS
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• Co-courant JL et JG > 0,
1 point de fonctionnement.

• Contre-courant JL < 0,
2 états possibles.

• Limite de l’écoulement à contre-
courant, JL < −JLT .
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MODÈLE DE ZUBER & FINDLAY (2D-2V)

• 2V-2D. On se donne : QG, QL. On cherche : RG2 = <| αG>| 2,

• Définition de la vitesse de dérive locale,

wXGj = wXG − j = (1− αG)(wXG − wXL )
• On calcule le flux de dérive sur la section,

<| αGwXGj>| 2 = <| αGwXG>| 2 −<| αGj>| 2

• Nouvelles inconnues :

w̃GJ =
<| αGwXGj>| 2

<| αG>| 2
, C0 =

<| αGj>| 2

<| αG>| 2<| j>| 2

• Modèle de Zuber & Findlay (dégénère sur les modèles précédents)

RG2 =
JG

C0J + w̃GJ
=

β

C0 + ewGJ
J

• Diagramme de Zuber & Findlay : JG
RG

= C0J + w̃GJ
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FERMETURES DU MODÈLE DE ZUBER & FINDLAY

• Fermetures : C0, pente, w̃GJ , ordonnée à l’origine. Dépend du régime
d’écoulement (Ishii, 1977).

• Comprendre RG2 → RG,

C0 =
(

1, 2− 0, 2
√
ρG
ρL

)
(1− exp(−18RG))︸ ︷︷ ︸

ébullition

• Ecoulements à bulles :

w̃GJ = (C0 − 1)J + 1, 4
(
σg(ρL − ρG)

ρ2
L

)1/4

(1−RG)7/4

• Ecoulements à poches :

w̃GJ = (C0 − 1)J + 0, 35
(
gD(ρL − ρG)

ρL

)1/2
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FERMETURES DU MODÈLE DE ZUBER & FINDLAY

• Ecoulements agités :

w̃GJ = (C0 − 1)J + 1, 4
(
σg(ρL − ρG)

ρ2
L

)1/4

• Ecoulements annulaires :

w̃GJ =
1−RG

RG +
(

1+75(1−RG)√
RG

ρG
ρL

)1/2

(√
gD(ρL − ρG)(1−RG)

0, 015ρL

)
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POUR EN SAVOIR PLUS

• Les modèles de taux de vide : Delhaye (2008)

• Les modèles de dérive, (drift-flux ) : Wallis (1969)

• Pour les fermetures : Ishii (1977), voir aussi Ishii & Hibiki (2006).
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SUGGESTION D’APPROFONDISSEMENT
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Objectif du travail personnel : mettre en oeuvre les modèles de taux de vide
sur des données expérimentales. Construire le diagramme de Wallis et Zuber
& Findlay.
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