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TIME- AND AREA-AVERAGED (1D-) MODELS

e Homogeneous model,
e Drift-flux model,

e Two-fluid model,
— Closure issue,

— Some unexpected consequences of some modeling assumptions.
1. Physical consistency of the two-fluid model,
2. Mathematical nature of the PDE’s

e Back to composite averaged equations (common assumptions)
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COMPOSITE AVERAGING THE MASS BALANCE

e Space and time averaged mass balance:

0 0 . dl
— ARy < pi >2+ = ARyo < ppwg >2 =1y, Tjp = —/ T
({% 82 O, ng .NipC

e Mean value definitions:

Rio < pr >2 2 Riopr = agpr, Ria < prwi >2 2 QL PLVE = My,

e With these new variables,

0 0
—A — A =T
o Qg Pk + By Ak PEVE k

e No assumptions, simple change of variable. «a(r) # « and wg(r) # vy are

non-uniform.
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MIXTURE MASS BALANCE

Add the phase mass balances,

0 0
aA(qu + aiap2) + 514(041,01?11 + aippave) =0

Mixture density (definition),

P = Qi1p1 + QP2
Mixture velocity defined as to preserves the mass flow rate,
pPU = (1 P1V1 + Q2 P2V2

Mixture mass balance,

0 0
—A — Apv =
ot P 0z po =10
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MOMENTUM BALANCE

e Simplified, 1 pressure (instead of 3), neglect the effect longitudinal diffusion.

0 0 0
aA< RpaprWi >2 + $A< Riaprw? >o + AR;@@ <pr >2 — ARg2 < prg. >o

dl dl
c, Ny« NgC o Ny« NgC

e 1D assumption: velocity space correlation C', mean pressure, pg, the so-called flat

profile assumption.

< ngpka >9 0 8pk
L 2]“ =1, Riom <prp >2 =0 ——
Qg PRV%, 0z 0z

e Interaction terms, change of variable:

. di dl
_/ (mkwk) = Fkvki, / — A<i: fyjl> 5 = A”)/
C; C

Nne «NpCc i ne «NpC
dl dl
/ nk.Vk.nZ — —A/)/T]ﬂ', nk.Vk.nz — —Pkka
C; Ng .« NgC C), N .Ngo
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MOMENTUM BALANCE (CT’D)

New notations, in blue, the flat profile assumption main consequence,

0 0 Op
— Ao prvi + = Ao ppvi — Ao —— Dk = U'pori — AYTri — PrTwk -
ot 0z 0z
Momentum balance for the mixture, single pressure
0 0 Op
= Aa1p1vr + apava) + — A(arprv? + agpar?) — AZE = —Pr,
ot 0z 0z
Another form of the inertia term, z = %,
G* 1 z? (1—xz)? M
2 2
agpaVe + apprLvy = —, — = ——+ , G=—.
Peve TELPLIL = T ape | (L= a)pr A

Give two examples of inconsistency of the flat profile assumption.
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TOTAL ENERGY BALANCE

e Energy balance, native form — enthalpy form,

. 1 s, 1
%Ak < Pk (Uk + 5‘”%) >2 ‘|‘$Ak < PrWg (Uk + §V12c> =2

0
+£Ak <n,.(qr —Tp.vg) >2 —Ap < prgr « Vi >2

dl

Nng .. N

, 1
= [ (e 592) e (- Taew)
C,uUC

e In the % terms, up — hp —pk/pk, T — Vi,

e In the % term uy — hx — pr/pr adds —%Ak < px >2, use the identity (2),

0 0 dl
_Ak<pk>2:Ak<ﬂ>2‘|‘/ PLVi.N
(715 315 C,UC, ng « N

e Collect the pressure terms in the RHS,
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TOTAL ENERGY BALANCE (CT’D)

e Energy balance in enthalpy form,

) 1 opy. 0 1
— A h - _A YR A .2
Py k<,0k< k+2vk) >9 < o >9 +8Z < PrWE (hk+2Vk) >9

0

+$Ak<nz'(qk_vk-vk) >9 — Ak < pr8k « Vi >2

1 dl
= m h+—v2>+n. — Vi v
/CZ-UCk( k( "tk e (i " k))nk-nkC’

e Neglect the diffusive term, vi & v, the mean enthalpy preserves the flux,

0 1 Opi 0 1
aAOékpk (hk + 5?}2) — AOék ot =+ 8ZAOU€pkvk (hk + 57]1%)

— Aagprgrve = Tehi; + Avari + Peqrw
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MIXTURE ENERGY BALANCE

e Add the two phase balances, interaction terms sum vanish at the interface,

0 0
aA(Oélplhi —+ OéQ,Oth) + &A(Oﬁlplvlhi + Ozgpg’ljghg)

0
—Aa—zz — A(alplglvl + a2p29202) = Pqy,

e where the total enthalpy is hf = hy + 207,
e Other practical form of the enthalpy flux,

i‘lozvpvvvjhﬁ/ +i404LvaLjhtL = M(zhi, + (1 — z)h%)

MV ML
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THE HOMOGENEOUS MODEL AT
THERMODYNAMIC EQUILIBRIUM (HEM)

e 3 balances for the mixture + 3 assumptions
— Mean velocity are equal : wy = wp, =a =0
— Mean temperatures satisfy the equilibrium condition : T, = Ty = Tya:(p)

e Thermodynamique, EOS,

PL — PLsat (p)7 PV = PVsat (p)a hL — that (p)7 hV — that (p)
e HEM void fraction,

Oé:ﬁz QG _ LPL :a(az p)
Qe +Qr xpr+(1—x)py 7

e Balance equations are identical to that of single-phase flow,

0 0
0 0 2 p _
57 Apw + - Apw” + A== = —Prw + Apg.
s, 1, dp 0 1
8tAp(h+ ;W ) Aat + By pw(h + oW ) qw + Apg;w
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HEM (CT’D)

e Other practical form, combine with the mass balance,

0 0
—A —Apw =0
ot P et
ow N w@w N Op P N
- = ——T p
Por TP T T AT
0 1 op 0 1 P
—(h ~ o2\ —(h T2 — s
pop(h+ 5w?) — = + pwa—(h+ Sw) = —qw + pg.w
e Mechanical energy balance, momentum balance xw,
01l N o1 , N Op P N
— —w W— =W +w— = ——wT LW
ot 2 oz 0z AW TP
dp
e Entropy balance, T'ds = dh — —
I
0s Jds P
T — T— = —
pL= + pw 5 A(CIW + wTw)
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HEM (CT’D)

e Alternate form with total enthalpy and entropy,

0 L 00 D puda
atp 0z 'Oaz_ A dz

0 1 Op 0 1 , P

polht gw?) — o0+ pwo—(h+ Jw”) = —qw + pgw
0s ds P

e Very important particular case: stationary flow, adiabatic, no friction nor

volume forces,
M = Apw = cst
h + %wQ = cst
s=uxsy + (1 —x)sy = cst

e Applications: flashing in long pipes, w/o heating, critical flow (no model !).
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CLOSURES FOR THE HEM

Friction and heat flux, qw, Tw,

Independent variables : x, w, et p,

1
EOS, v = = = zvy + (1 — x)v, specific volume [m? /kg],

o
U1, = ULsat (p)7 Vy = Vvsat (p)7 hL — that (p)a

vVap7 UL7p7 hV,p7 hL7p

NB: back again to the thermodynamic consistency issue.
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DRIFT-FLUX MODEL

Different phase mean velocities, ”mechanical non-equilibrium”.

Mass balances for the liquid and vapor, momentum balance for the mixture,
wy # wy,, wy, mixture velocity.

Additional closure (core modeling, FLICA)
wy —wy, = f(x,p, a, flow regime, - - -)

Jor = f(a, flow regime, - - -)
Slow transients NOT inertia controlled.
Can also be used in 3D, see for example Delhaye (2008a), Ishii & Hibiki (2006).

Main advantage: only one momentum balance.
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THE TWO-FLUID MODEL

e Mechanical and thermal non-equilibriums,
— 3 balance equations per phase (6), or
— 3 balance equations for the mixture and 3 equations for the dispersed
phase.
e Closures
— Topological relations, < pg >, < p >< g >, the pressure issue,
— Interactions at the interface,

— Interactions of each phase at the wall.

e Consequences of the closure assumptions,
— Propagation characteristics,
— Critical flow,

— Mathematical nature of the PDE’s (hyperbolicity 7).
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EXAMPLE: STRATIFIED FLOWS

H h,
//\\/
h,

e Isothermal, incompressible, horizontal, u =0, c =0, m = 0, 2D.

e Mass balance,

0 0

—h —h < >=(

Py 1'01+8z 191 < Uq

0 0

—h —h < >=(

Py 2'02+6z 2p2 < U2

e Momentum balances, jump of momentum at the interface,
0 0 0 Oh
—hipr <up>+—hip; < uZ>+—hi < pp>=pi—
By 101 < Uyp +8z 101 < Uj +8z 1 < P1 Pi1 B
0 0 0 Oho
—hops < Uy > +—hops < U2 > +—ho < Py >= Dig—0
By 2p2 < U2 +8z 202 < U -I-az 2 < P2 Di2 9.
pﬂ:pizépi
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CLOSURES

e 4 equations, 5 unknown variables h, < u; >, < ug >, < p1 >, < py >,

e 3 unknown quantities: < u? >, < u3 >, p;.

e Topological relation,

1
<p1 >=p;+ §Plgh1
1

< P2 >=Dp; — 5,029]12

e Cannot be derived from momentum .

e Spatial correlations, flat profile assumption, or relaxation

2
=1 — <UL >= = |<uL > —<uL >
< ugp >2 Todt & Z[ & & O]

e Closed system.
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STABILITY OF STRATIFIED FLOW

e Solve PDE’s, A%—’f +B%—>§ =0, X = (h,uy,u2,p1) :

0 0 0 o o1k 0 0 |
AL | TP 0 O 0 B2 —pP2U2 0 p2ha 0
0O pihy 0 O sp1ghi p1uihy hy
0 0  p2he O (1 — 2p2)ghs 0 pauzha  ha |

e Use the perturbation method, Van Dyke (1975) : X = X + eX; + O(e?),

e Linearizes the PDE’s, separate the orders,

0Xo . O0Xo )
AW + B 92 = O, X() = cst
0X4 0X14
A(X B(X =
(Xo) =5 +BXo)75 7 =0

e X, base solution, Xy, first order (linear) perturbation,

e z € |a,b], BC and IC are needed.
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STABILITY OF STRATIFIED FLOW (CT’D)

Progressive waves, X; = X; exp i(wt — kz), ¢ = w/k, phase velocity,

Temporal stability, Xi(a,t) = f(t), w € R, how (far) does perturbations

propagates into the domain 7

Spatial stability: X;(z,0) = g(z), k € R, perturbation amplification?

When the RHS of balance equations are non-zero, long wave assumption.
(cA(Xg) — B(X())X; =0

One class of solution, X; € ker(cA(Xy) — B(Xo))

Dispersion equation,

—p1p2hihs (prhe(ur — ) + pohi(uz — €)* — (p1 — p2)ghihs) =0
Stable if and only if the 2 roots are real,

p1ha + pahy
P1pP2

(ur —ug)? < g(p1 — pa2)
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STABILITY OF STRATIFIED FLOW (CT’D)

Conditional stability : Au < Auce

p1ho + pahy
P1pP2

(u1 — u2)® < g(p1 — p2)

— Kelvin-Helmholtz instability,
— Heavy on top, light below, ps > p1, always unstable (hopefully).
— Flat pressure profiles, (¢ = 0), always unstable.

Nature of PDE’s: conditionally hyperbolic,
g = 0, the IC problem is ill-posed (Hadamard) = No possibility to get a

stationary state from a transient calculation.

With no differential terms in the closures, the two-fluid model with one

pressure leads to ill-posed problems.

Why codes produce a solution 7
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PRESSURE DROP MODELING

e Simplified flow model,
— Mass balance of the mixture,
— Momentum balance of the mixture,
— If adiabatic: x = x(, or solve the energy equation,

— Evolution equation (wy # wp),

e Closures :
dl
T o Nng « N
dl
- [ neea e
LG Cy Nng « N

e NB: Constant pipe cross-sectional area, A = cst, n .npc =1
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PRESSURE DROP MODELING (CT'D)

Stationary flow, constant flow area,

d
dzw—O GG = cst
d _|_dp P N P, 4
w — = ——T ., = = —
dzp dz A Pg A Dy

Wall friction appears only in the momentum balance,

dp _d o P s (dp dp dp
dz a"" ATW+pgz_(dz A+ dz F+ dz / 4

Experiments where % and possibly a = Rgo are measured.

NB: evolution equation is used for (%)A .

Use the models with the same set of assumptions.
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WALL FRICTION WITH THE HEM

e kriction should not be dominant,

dp P 4
T = — — = ——T
dz F ATW Dh W

e NB: frictional pressure drop, f = 4C (quite tricky...)

Cp = W f:D(%)F

%pr’ %pw2
1. Annular flow z =~ 1, Cr = 0, 005,
flashing flows, x ~ 0, C'r = 0, 003.
2. 21, Cpr=Cpr, M = M, + My,
r~1, Cp=Cpqg, M = Mg+ My
3. NB: Single-phase friction factors,
o 16 . 0,079 Re=%2°, Re < 20 000
Poiseuille : —, Blasius :
€ 0,046 Re=%2% Re > 20 000
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WALL FRICTION (CT’D)

e Historical perspective, ”two-phase viscosity”,
— Dukler (1964) : u = Buy, + (1 — B)pur, Cr = 0,0014 + 0, 125Re~0-32
— Ishii-Zuber (1978), (liquid-liquid or gas-liquid, apps = 0, 62)

wp+0,4p o

p (1 ap )2’5aDMF‘D‘WZ’
Hc QDM

e Acceleration pressure drop, use the appropriate evolution (« # (),

(%)4 - ddz [043;2\/ i (il——&q;tL]

e QQuality from the enthalpy balance, low velocity, thermal equilibrium,

d 4
Gg(xhv + (1 —2)hr) = EQW
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TWO-COMPONENT, LOCKHART & MARTINELLI

o Air-water experiments, low pressure, Apr et Rgz are measured (QCV).
Three sets of experiments in the same horizontal pipe.

Conditions two-phase gas only liquid only

Mass rate M = Mg + My, Mea My

(), () (@), (®),

e Definitions on the non-dimensional friction pressure drop: (two-phase pres-

sure drop multiplier)

(dp>
dz
P7 £

A~

R
—
~
A~

s
~——
Q
A~

S
~—
Q

e Blasius is used (C; = 0,046 Re~%?), X, L. & M. parameter

i\ 71— 2\ e\
=) (57) ()
Ha &z PL
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LOCKHART & MARTINELLI CORRELATION
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STEAM-WATER, MARTINELLI & NELSON

e Steam water experiments, 34.5 = 207 bar, Apg =~ 0.
Two experiments in the same helical tube. Ap = App + Apy4.

Conditions | two-phase liquid only

Mass rate M M; =M

@) | @ (®),

e Two-phase multiplier,

e Evolution equation (acceleration pressure drop), data and models.
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MARTINELLI & NELSON CORRELATIONS

Steam quality, x
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BOILING FLOWS

1000
\
&Q\\\\ 100
o NN
& 100 >>\N}\S§:<:u/ 80
= NN ZA—270
g ~ RN 760 e Boiling flows, Thom.
g N NS A450
S ~ NN NN 140 T
o e ™ N Q A 30 ApF ].
2 ~~ NN \ _ - 2
8 B \s\\ ‘x /20 3 = A — (I)Lodw
§ 10 LT ININGINL
3 B S > LY, e Other methods, see Delhaye
I Sy S NN
— > NI\ (2008b).
T~ \\\‘)\\
~—L| N | N
W
~ | | 1A\
--..__.4-““
1 .
1 2 5 10 20 50 100 200

Pressure (bar)

Friction multiplier vs pressure and quality (%).
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— 1D-time averaged models

FRIEDEL’S CORRELATION

e Thousands of data reduction, various fluids, non-dimensional. Arbitrary
orientation. Two-phase multiplier by Martinelli & Nelson. M and x are

given,
() 3, 24FH
2 dz P ;
dz Lo
—1
1 — G?D G2
PG PL T Ph gDp;,

0,91 0,19 0,7
H = (p_L> (’LL_G> (1 _ 'u_G) : F = 1'0’78(1 . 37)0’224
ML

PG KL
Crao
Crago = Crg(M), Crro=Crr(M), Ez(l—a:)2+g;2pL FG
IOGCFLO
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